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INTRODUCTION

1.1 Acoustics and aeroacoustics

Acoustics is defined as the science of sound, its production, transmisslaffacts
[6]. The most familiar acoustics phenomenon is that associated with thetisansa
of sound. For the average young person, a vibrational disturbamctipreted as
sound if its frequency lies in the range between about 20 to 20,000 Hz £1Hz
hertz = 1 cycle/second). However, in a broader sense acoustics aladds the
ultrasonic frequencies above 20,000 Hz amdrasonic frequencies below 20 Hz.
Acoustics is distinguished from optics in that sound is a mechanical, ratheatha
electromagnetic, wave motion.

Sound is characterized by its intensity, expressed in decibels (dB). Qogéth-
mic decibel scale, an increase of 3 dB means that the intensity of noise Witalsdlo
The human ear is able to distinguish a large range of noise intensity, fromt@ dB
about 125 dB (threshold of pain).

The mathematical theory of sound propagation began with Isaac NewtdB-(16
1727), whose Principia (1686) included a mechanical interpretationusidsas be-
ing "pressure” pulses transmitted through neighboring fluid particles.st8ntial
progress towards the development of a viable theory of sound propagasting on
a firmer mathematical and physical concepts, was made during the eighteetttyc
by Euler (1707-1783), Lagrange (1736-1813) and d’Alembert {3¥783) [88]. In
the nineteenth century the science of acoustics was developed thordbighlys and
Rayleigh being the subject’s greatest contributors.

In his two famous papers [73, 74] Lighthill (1927-1998) described thenpm-
enon of sound production by a turbulent flow, which marked the begirofiagroa-
coustics. The analogy, that Lighthill derived, identifies aerodynamircesiof sound
by representing the complex fluid mechanical process that acts as atiasource
by an acoustical equivalent source term for the non-homogeneosegaation. In
this approach, the sound is generated by the deviation between the astuahfl a
reference ideal acoustical field which is an extrapolation of the acolftilchat the
position of listener. Lighthill's analogy is a very general definition that Hitserg
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[55] led to state &eroacoustics is the art of finding approximations which are optimal
for the calculation of the sound produced by a flow

1.2 Computational Aeroacoustics

Sound generated by flow is a serious problem in many engineering appikatiost
of the sounds of engineering interest cause human discomfort. The otosibns
examples are flow noise by powerful machinery and jet engines. Thenigbteeg-
ulations of airport noise also make the area interesting from an enginegurimgof
view. With advances in jet-noise reduction (e.g. by increasing the byp#issof
turbofan engines), other components of overall noise have incréasgghificance
namely, fan noise, airframe noise (including noise from flaps, slats adahtagear)
especially during landing (at lower speeds). Other examples of flowrgad sound
include the noise from wind turbines, fans in rotating machines and helicopter
tors, as well as automobile noise and noise from combustion instabilities and wind
instruments.

In the light of the mentioned engineering problems the broad goal of Computa-
tional Aeroacostics (CAA) can be identified as to enable aeroacoustidpons in
these variety of flows and engineering devices and to advance ourstemiging of
the sound generation process in general [37].

When these variety of flows are considered it is necessary to make soniiisimp
cations in order to attack a CAA problem. Classifying the problem accordittgeto
sound generation mechanism, is a first step. Problem types could beedrasifin-
ear and nonlinear in general. Linear problems involve for example sacopdgation
in a uniform medium including reflecting/absorbing surfaces and the gatioa of
sound in a non-uniform medium. The non-uniformity also includes the statesof th
flow about which it is linearized which does not need to be uniform. In sases
small perturbations may lead to phenomena for which the linear approximation no
longer holds. This includes problems of nonlinear wave propagatiottesog of
nonlinear disturbances into sound, noise from turbulent boundaryslajewv sepa-
ration and acoustically induced instabilities and resonances. Some exarhitles o
nonlinear propagation problems involve nonlinear steepening of wawdisdgi@ the
formation of shock waves, viscous effects at high sound intensitieadgmopaga-
tion in multi-phase flows, thermo-acoustics, propagation of the sonic boauaghr
atmospheric turbulence, etc. Airframe noise and rotorcraft noise are sgamples
of nonlinear scattering problems.

Computational techniques for sound generation problems can be cladsifiedld-
ing on whether or not the sound is computed together with the flow field thatieslu
the fluid dynamic sources of sound. In case the aim is to compute the unfiteady
and the sound together a direct computational approach is used. Inpinigap the
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flow region including the source field and at least a part of the nearséicefield
must be included. There are two direct computational approaches, #ue mimmeri-
cal simulation (DNS) and the large eddy simulation (LES). DNS resolves thanaly
ics of all flow scales of the turbulent flow including the small dissipative scdlES
resolves the range of the scales of the energy-containing eddiesdtttreamically
important flow scales and models the smaller scales and their effect on tivetes
scales by a subgrid model. DNS directly provides the near-acoustic-freld bES
gives the sound field associated with the dynamics that have been cafdynesing
different analytical and numerical techniques it is possible to extend tefiedds
obtained by direct computation to the acoustical far-field. Numerical teabgio-
volve solutions of simplified equations (such as linearized Euler equati®@is) in
extended domain around the near-field region. In the extended domaimasussd
that is more appropriate for far-field sound propagation. If the wavatsmn is sat-
isfied at the edge of the simulation, domain the Kirchoff integral can be ussve
the wave equation analytically. In any case the computational cost is laege the
need of sufficiently fine meshes covering a large computational domain.

An alternative to the direct computation is using a hybrid method in which the
computation of the flow is decoupled from the computation of the sound field. Th
computation of the sound field is achieved by using an aeroacoustic thefioyve
field decomposition. It is assumed that there is no feedback from the fielohtb
the flow field, i.e. a one-way coupling is assumed. This assumption leadsdwie-re
tion of the flow types to flows at low fluctuating Mach numbers. In the hybrid oteth
the space-time history of the flow field is calculated with methods like DNS, LES, un
steady Reynolds-averaged Navier-Stokes (RANS), and vortex netfroch which
time-accurate turbulence data is also extracted. The sound sourcesrecalttulated
using the time-accurate turbulence data. As a last step the radiated sédiredie-
dicted either by an acoustic analogy or by solving the LEE with the calculatetiso
sources included as the source terms within LEE. An alternative appi@échuse
a steady RANS instead of time-accurate flow simulation and calculate the acoustic
source terms with a statistical model in order to reduce the high computaticalfco
the time-accurate flow simulation. For broader reviews on CAA the readefieised
to a number of review articles such as Colonius & Lele[38], Coloniusiibatskii
& Mankbadi[69], Tam[103, 105], Wang et al.[112] and Wells & Renal{]L

1.3 Objective and motivation

The objective of this thesis is to develop and verify a higher-order nuaiermiethod
to compute the propagation of acoustic information in a three-dimensional domain
which may involve complex geometries.

In most applications the acoustic amplitude is small compared to the mean pressure
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level and the sound propagation can be studied by the use of the lineagzations
describing the fluid motion. Although attenuation of sound waves increails w
increasing frequency, the effect of viscosity on the propagationwicdean be ne-
glected, as a first approximation, so that we can utilize the flow model badee.

Computational methods for aeroacoustics require more accuracy thasuhke u
second-order computational fluid dynamics methods. Although finite-difter meth-
ods could be used for higher-order accuracies, they need speaahents at the
boundaries and usually require a smooth, structured mesh. This reqoiresree
problem when complex geometries are present within the computational domain.

In this thesis a quadrature-free implementation of the discontinuous Galertinane
as developed by Atkins & Shu[8, 10], is used for the spatial discretizafithre three-
dimensional LEE. For the time integration a multi-stage low-storage Runge-Kutta
scheme is employed.

The discontinuous Galerkin method has some remarkable advantages dee to th
flexibility in discretization of domains with complex geometries. The discontinuous
Galerkin method is a highly compact formulation that perfectly suited for obtinin
the high accuracy desired for computational aeroacoustics on nortfsmmastruc-
tured grids. The boundary conditions can be treated relatively simplehvidiaf
importance in order to obtain uniform high order accuracy at the boiesdai com-
plex geometries.

In the discontinuous Galerkin approximation the solution domain is divided into
non-overlapping elements and the solution in each element is approximatebbvia a
cal basis function set. Thus the governing equations are solved in a fieite st
space of discontinuous functions. The degree of the approximatinggulgis (lo-
cal basis function set) determines the order of accuracy of the methoi desired,
the degree of the polynomials used can be easily changed from elemennanele
In the present thesis the LEE are solved on a hexahedral mesh andéhefaccu-
racy of the spatial discretization (degree of approximating polynomialspisany.

The discontinuity between the elements can be treated by introducing the solution
the Riemann problem at the element interfaces.

Another advantage of the method is that it is highly parallelizable. The mass matrix
can be inverted once and for all and in order to update the solution in ézoler
only the elements sharing the same interface are involved, so the communication
between the CPU-units of a parallel system can be kept to a minimum.

The developed numerical method is the third step of the so-called three-stegime
in order to predict the sound field due to an unsteady flow field. As explaibeve
in the first step the flow field is computed either with a time-accurate computational
method or a time averaged RANS method and in the second step the aeroacoustic
sources are obtained from the results of the first step and used absmunes input
for the developed method for solving the LEE in the third step.
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The present research builds on the earlier work of Blom[25] who dpeéla
second-order method for solving the LEE on unstructured tetrahedsiieneem-
ploying the discontinuous Galerkin method.

1.4 Outline of the thesis

In chapter 2 the equations of motion and the equation of state are desanibbéukea
dimensionless form of the equations is presented. Furthermore the apatioxs
that lead to the Euler equations are given and finally the linearization @ ds-
scribed that results in the linearized Euler equations (LEE).

In chapter 3 the discontinuous Galerkin finite-element formulation used éor th
spatial discretization is presented for an arbitrary order of accuramyrims of the
truncation error. Furthermore the evaluation of integrals involving prisdoicthe
basis functions are described. Also the treatment of boundary and imitiditons
is given. Finally the multi-stage low-storage Runge-Kutta time discretization method
is described.

Verification is always the first goal in developing a numerical algorithm. -Con
vection of a one-dimensional Gaussian pulse, chosen as a verificatiblemr, is
discussed in chapter 4. The analytical solution of the problem is presenteo
alternative routes and the numerical results are compared with the anadgtiaal
tion. Chapter 4 also includes studies on the numerical dispersion and th¢éiiGeU
requirements of the method.

In chapter 5 the problem of acoustic radiation from a vibrating wall segimsiake
an infinite rectangular duct is considered. The relation between the wall mentid
the normal velocity profile used as a linearized boundary condition foritivating
wall segment is explained in some detail. The numerical solution that is obtained
for a hexahedral mesh, which is used throughout this thesis is compdredrasults
obtained by Blom[25, 26] using a similar method for a tetrahedral mesh. C@uopar
between the numerical result and the analytical solution is also presenigtie
more a grid convergencé-{efinement) and g-refinement study is reported on.

Effects of non-parallelepiped elements, i.e. of grid distortion is investigated in
chapter 6, considering two cases. In the first case the grid is skewexnbethin angle
while keeping the shape of the elements as parallelepiped and in the seseritea
grid is randomly distorted, violating the present restriction of the implementation of
the method to cases for which the transformation of the elements in the physiceal s
to the unit element in computational space is linear. This implies that the present
mapping is exact for parallelepiped elements but approximate for more eleofi@nts
more general shape.

In chapter 7 the discontinuous Galerkin method is applied to an acoustic liner
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problem. Here we consider a single orifice in a plate inside a long duct. Ehtge
are compared to the analytical solution obtained by Kooijman et al.[64].

Finally in chapter 8 concluding remarks and recommendations for futueanss
are presented .




LINEARIZED EULER
EQUATIONS

2.1 Introduction

In general, flows can be described by means of the equations of motierjkdeg
transport of e.g. mass, momentum and energy. This also holds for thetiaquob-

lems. However, (aero-)acoustic problems considered in this thesisroedcwith

the sound propagation in air where the viscosity does not play a significientas
described in section 2.4). Under this assumption the equations of motionlyloose
called the Navier-Stokes equations (formally only the momentum equation is named
after Navier (1785-1836) and Stokes (1819-1903)), reduces tbulee equations.

In most application the acoustic amplitude is very small relative to the mean pres-
sure ([42, 75, 95]) and the sound propagation can be studied by ¢hef tise lin-
earized approximation of the equations describing the fluid motion.

The equations of motion and the equations of state are described in secténu2.2
the dimensionless form of equations of motion are presented in section 2 Euldr
equations and the linearization process is shown in sections 2.4 and 26tiesdy.

2.2 Conservation Laws and Constitutive Equations

In continuum fluid dynamics, the equations governing physical quantities s
velocity, density, pressure and temperature, will be considered to watinaously
from point to point throughout the fluid. We assume that we can defineual "fl
particle” which we can assign these macroscopic properties that weiassaith
the fluid in bulk. In addition the fluid particle is assumed to be large compared to
molecular scales but small compared to the global length scales. We thegscaiid
the fluid motion by using the laws of mass, momentum and energy conservation
applied to an elementary fluid particle.

Employing index notation and Cartesian coordinates, we have for the massrco
vation in differential form
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ap 0

— ) =S, 2.1
wherep is the fluid densityn; is the flow velocity ands,, is the mass source term.
In general the mass source terfi, = 0, however, some processes like the action of
a pulsating sphere or of mass injection are represented by the masstsonr§g, .

The momentum conservation law is

0 0 .
a(ﬂui) + %(Pij + pujui) = S;,  1=1,2,3, (2.2)

where,S; is an external force density arg; is

Pij = pbij — 7ij, (2.3)

with p pressureg;; is the Kroneckerdelta andr;; is the viscous stress tensor. When
the relation betweenm;; and the deformation rate of the fluid element is linear the
fluid is described as Newtonian and the resulting momentum conservatiotioequa
Eq. (2.2) is referred to as the Navier-Stokes equation. Employing Stokpsthesis,
that the fluid is in local thermodynamic equilibrium, so that the pressward the
thermodynamic pressure are equivalent, which leads to the viscoustsinsss of

the form
8ui 8uj 2 8uk
Y - = = 37 2.4
Tij M(axj +8x,> 3'u <8$k>5] ( )

where, 1, is the dynamic viscosity and depends on temperature and pressuse.
assumed constant throughout this study.
The energy conservation law is given by

opkE 0
o T ach(/)HUj — Tiju; + qj) = Se, (2.5)
where, the internal energy, is related to the total energ¥;, and total enthalpyH,

by:

1
E=c+ iukuk’ (2.6)
and
H=E+?2 2.7)
p

6y = 1ifi= 3,0 =0if i # 5.
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In Eq. (2.5),g; is the heat flux due to heat conduction and is for example defined by
Fourier’s law as

oT
= ke,
qj al'j
wherex is the heat conductivity coefficient which depends on pressure.
We will assume air to behave as a calorically perfect gas, i.e. the followiag-re
tions are valid:

(2.8)

p = pRT, (2.9)
e =c,7T, (2.10)

whereR is the specific gas constant, with= ¢, — ¢, andc, andc, are the specific
heats at constant pressure and volume, respectively.

2.3 Navier-Stokes Equations in Dimensionless Form

The Navier-Stokes equations can be written in dimensionless form by iiragu
scaling parameters for length, mass, time and temperature. Here we choefera
ence quantities: length, densitypg, velocity U and temperatur&,. This analysis
results in the following set of dimensionless equations:

% + ;;j(ﬁaj) = S, (2.11)
6(g;¢) + ;@(ﬁujai oy — ) =8, =123 (212)
8(55) aij(ﬁHaj — TijUi + Gj) = Se, (2.13)
with, the dimensionless source terms:
g, =mk g _SL g Sl (2.14)

) 3 S - .
poU CopU? T poU?
The dimensionless viscous stress term is written as

_ _ [ Ou; (%j 2 Ouy,
= — 22550, 2.15
i = H (8@» + T4 38zk5’> (2.15)

with,

_ p 1
n= o
poUL ReL

(2.16)
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and the heat flux

oT
I = —Fo— 2.17
q; Kaa_&‘j’ ( )
with,
_ KTo
= 2.18
" URL (2.18)

Upon identifying\ as a characteristic length scale anflas a characteristic velocity
scale,i~! can be interpreted as acoustic Reynolds numb&e,:

2 2
Rey = PODN _ N NF (2.19)
7 Iz v
where,
CUTO
A= , 2.20
7 (2.20)

and\f = /¢, Ty represents a characteristic velocity scale wfittihe frequency of
an acoustic wave. By these scaling factersan be rewritten in the following form

~ po kI 1
R = p0A2f7A2f2. (221)
k can be rearranged to get
_ I v
where, the Prandtl number is defined as
pr="t% (2.23)
K
and the ratio of the specific heats,
Nv="2 (2.24)
Cy

2.4 Euler Equations

In a sound field the pressure represents a far greater stress fielthahamduced
by viscosity at frequencies of most practical interest. The ratio of the theeses is
the Reynolds number which is given in Eq. (2.19). Foraie 1.5 - 1075 m?/s so
that for f = 1kHz we haveRey, = 4 - 107 so sound has to travel = 107 wave
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lengths or more for the viscosity to play a significant role. Schreier [93 Hnalyzed
the effect of viscosity on a small pressure wave propagating into a medivesta
in 1D and concluded that in air, at any rate, the viscosity has very little tefiec
the velocity at which the sound wave propagates. In practice the kinematasitis
appears to be a rather unimportant effect in the attenuation of wavesisgeee.
Therefore, neglecting the viscosity effects results in the Euler equatidhs form:

o 0, .
b + T@(PUJ) = Sm, (2.25)
0pt) | 0 o v o6 V=5, i

at_ + aa—;] (pujul +p52j) - S’L 1= 17 27 37 (226)
9(PL) + 0 pHii;) = S, (2.27)

or T@(P ;)

2.5 Linearization of the Euler Equations

A sound wave disturbs the fluid from its mean state while it propagates. Ween w
consider the state of the fluid at rest with a uniform presgyrand densityp, the
sound wave perturbs the pressureggy+ p’(x,t) and the density by, + p'(x, t).

The ratios|p’ /po| and|p’/po| are much less than unity so the disturbances are small.

Although always weak, the range of amplitudes commonly experienced ndsou
waves is very great, e.g. typical audible sound power level for humanraege
from 10~12 W to about10° W [42, 95]. Because of this very wide range of levels it
is customary to describe sound powers through the use of logarithmic &ocales
assound levelsThe Sound Power Level (PWL) is given in decibels (dB) by:

PWL =10l0g1o (P/Pyey). (2.28)

with P the Power inW andP,.; = 10~ '2W. The Sound Pressure Level (SPL) is a
measure of the mean square level of the acoustic fluctuation and is defined a

/
SPL = 201logio ( Z ) , (2.29)
Pref

where, the reference pressurg; = 2 x 105 N/m?. When the pressure fluctu-
ations are equal in magnitude to the mean pressute= py = 1atmosphere
(= 10° N/m?) the sound pressure level is equivalentifa dB. The threshold of

pain is betweeri30 dB and140dB [42, 75, 95] corresponding to a pressure varia-
tion of amplitude arountp’|/po = 103.
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As can be seen from these examples in most applications the acoustic amplitude is
very small relative to the mean presspig(|p’|/po < 1), and the sound propagation
can be studied by the use of the linearized approximation of the equatiarréodes
the fluid motion.

The Euler equations can be written in terms of primitive variables in index notation
as follows:

dp ap du;
ot " “ow; oz,
ou; du; 1 0p 1 .
— — = —(S; —u;S =1,2,3 2.31
8t +u]81‘j paxl p( 7 Uy m)7 ? ) “y )y ( )
Op Op Ou;
ot “iox, T Pz,

The Euler equations can be linearized assuming the aeroacoustic pgonsifa, u;,

p’) to be small compared to the mean flow propertj@s .o, po). As an example,

assumingpy to be of the orde(1), it can be written thatp’| = [po|O(e), with

e < 1. In order to linearize the Euler equations the following expressions will be

used:

1
(7 — 1) {Se —uiS; + 2uluZSm} . (2.32)

p=po+p, ui = uio + u;,

p=po+7p, S=8+¢8". (2.33)
It will also be assumed that the mean flow quantities satisfy the Euler equatidns a
the terms higher than ordél(=) can be neglected.

Substituting (2.33) into Eq. (2.30) and linearizing gives for the continuityagqgn:

. Ipo dpo dujo
o(1) 5 T U Jo—a +p Oaxj = Smo>
9, 0p op' , Oujo o,
O(e) N +u 8 -+ u joa +p o +p03$] =S, (2.34)

The momentum equation can be wrltten in Imearlzed form as:

(971,1‘0 8ui0 1 ap() 1
1) « —— j — = — (950 — UioOmy),
; 1 / /
0(e) o , Ouio G oul; op P Opo

ot g Ty 00 0%;  po O
1 /
= %(uzgS;no + u;Smo) + %(ui()smo — uiosio)(2.35)
0




2.5. LINEARIZATION OF THE EULER EQUATIONS 13

Finally the energy equation in linearized form is

. O Om ujo _ NP S

o) - 5 T L +YPo 2, (v = 1)(Seo — uioSio + 2uzOUZOSm0)7
o op" |, 0po op’ ou; , Oujo

Oe) = Z¢ T¥igy, +uj06 TP, L+ P,

= (’y — 1)(5 ’U,Z()S uiSZO

1
+§(Ui0UiOSm + wioU; Smo + UiUioSmo)).  (2.36)

In this thesis the mean flow will be assumed to be uniform (or piecewise constan
in discrete form) so that the derivatives of the mean flow properties ape Pader
this assumption combining Eq.(2.34, 2.35 and 2.36) the three-dimensionaidetear
Euler equations can be written as:

ou afl(u)
L u) = — = S, u
S A (
The solution vecton = (p/, u}, uy, us, p’) wherep’, u}, u, us, andp’ denote the
aeroacoustic density, velocities and pressure perturbations, respeatids (¢ R?)
is the source term for theee. The perturbatiora can be described with respect to
the mean flowuy where,

Zt)eR’, FeQtel,. (2.37)

f;(u) = A;(up)u, A; € R’ x R®. (2.38)
The matricesA; = (A1, Ao, A3)T are defined as:

uo;  0i1po Oi2po 0i3po 0

0 up; 0 0 (512' / £0

Ai(uo) = O 0 UO; 0 52i/p0 5 7= 1, 2, 3, (239)
0 0 0 up; 53i / £0
0 davpo di2ypo disypo  uoi

00, U1, U2, oz andpy are the mean flow density, velocities and pressure, respec-
tively.

Here, the linearization has been performed starting from the Euler egsidtion
primitive variables form. It is also possible to linearize the Euler equationsfierdif
ent forms. For further details the reader is referred to the PhD thesidony R5]
where such a detailed analysis has been performed. Blom discussecd#rétion
of the Euler equations starting from conservation form for consee/atariables,
quasi-linear form for conservative variables and for primitive varsbfeirthermore
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he derived three different formulations for linearizing the Euler equatiortonser-
vation form for conservative variables.




DISCONTINUOUSGALERKIN
FORMULATION

3.1 Introduction

Compared to computational fluid dynamics the accuracy of numerical metbods f
aeroacoustics require special attention in the sense that numericakttismard dis-
sipation errors are much more critical. Although finite-difference methodkldme

used to achieve higher-order accuracy, they need special treatrhr@daundaries

and usually require smooth, structured meshes. Especially when therprafitger-

est involves complex geometries this requirement cannot be met. The Discmrgin
Galerkin ©G) method [8, 30, 62] has some remarkable advantages with respect to
flexibility in discretization of domains with complex geometries.

ThebG method is a highly compact finite-element projection method. The solution
within an element is reconstructed by looking at the element itself and the communi-
cation is achieved only with the direct neighbors through the approximate Riema
flux. The size of the stencil is fixed and independent of the desired of@éecuracy.

The method is better suited than the finite-difference methods to handle compli-
cated geometries. Moreover, the treatment of the boundary conditionatisely
simple (no special treatment required), and obtaining uniform high-a@mracy at
the boundaries involving complex geometries is feasible. The method carsibe ea
applied to both structured and unstructured meshes.

The DG method provides a practical framework for the development of a higher-
order method desired for computational aeroacoustics on non-smodthatased
grids [9, 24, 59, 82, 83, 84, 85]. The high-order accuracy canltained by em-
ploying high-degree of approximating polynomials within an element. The degre
of the approximating polynomials can be easily changed from one element to the
other. The local grid refinemenh-fefinement) and the local-degree-variatiqn (
refinement) (Flaherty et al. [46], van der Vegt & van der Ven [109] &ili et al.
[100]) can be applied.

The discontinuity in the elements leads to a block diagonal matrix and since the
size of the blocks is equal to the number of degrees of freedom insiddetime ret
considered the block can be inverted easily once and for all. This simptimgiof
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the mass matrix makes the method highly parallelizable.

Although the originalbG method introduced by Reed and Hill [91] in 1973, the
method has increasingly become popular since the beginning of 1990¢. aRde
Hill applied the method in the framework of transport of neutrons. In 1958dint
and Raviart [72] made the first analysis of the method and proved its rate of
convergence to be at ledst for general triangulations ang’*! for Cartesian grids
employing basis polynomials up to orderwhererh is a length scale that represents
the size of elements. In 1986, Johnson and&ékta [62] proved a rate of conver-
gence of at least?* 3 for general triangulations and in 1988 Richter [93] obtained
the optimal rate of convergence/of! for a semi-uniform triangulation. In 1991 Pe-
terson [87] numerically confirmed that this rate of convergence carenohproved
within the class of quasi-uniform meshes.

All the above mentioned studies are confined to linear equations. Therfaist a
sis of thebG method as applied to a non-linear scalar hyperbolic equation is due
to Chavent and Cockburn [29]. Cockburn et al. [31] extended thetysis to a
one-dimensional system of conservation laws, and Cockburn et glfydRer ex-
tended it to the multidimensional scalar case, and in 1998 Cockburn and3ghu [
treated the multidimensional systems. In 1998 Atkins and Shu [10] perforneed th
first quadrature-free implementation of the method and showed that this formula-
tion requires less storage and computational time.

Biswas, Devine and Flaherty [20] and Adjerid, Affia and Flaherty [3jvebd
super-convergence of the method on Gauss-Radau points. Low}ial$d7eported
numerical results of ordér??*! convergence. Recently, Cockburn et al. showed the
possibility of obtaining a rate of convergence/df*! by a suitable post processing
of the numerical solution.

Concerning the issue of wave propagation oftlemethod there have been rela-
tively fewer works. Johnson & Pitikanta [62] performed a Fourier analysis of t@
method for the case ¢@f = 1. Lowrie [78] performed a Fourier analysis of a space-
time discontinuous Galerkin scheme for a one-dimensional scalar advegtiatian
up top = 3. In [59], Hu, Hussaini and Rasetarinera studied numerical dissipation
and dispertion errors of theG method for one- and two-dimensional wave equations.
In a recent work by Rasetarinera, Hussaini and Hu [90], it wasduaidlemonstrated
numerically that dissipation errors of tes method decay at ordér’”*2 (locally)
when the exact characteristic splitting formula is used. Sherwin [98] mesdaut a
Fourier analysis which gave exact expression of the numerical freganalytically
up top = 3 and numerically fop = 10.

In Hagmeijer et al. [50], the governing characteristic polynomial is identffied
any orderp for the semi-discrete algorithm obtained from applying tieemethod
to the one-dimensional scalar advection equation, where the exact ftionwéathe
Riemann problem at element interfaces is used. Blom [25] has extendeslattkis
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employing Lax-Friedrichs flux at element interfaces rather than the erpadion of
the Riemann problem. Blom showed that as long as the basis function spamtée s
approximate solution space, the characteristic polynomial is identical tegarof
the kind of polynomial basis used.

There are also some examples of the method applied to CFD problems. Halt
and Agarwal [51] applied the method of moments which is similar tothenethod,
to the steady two-dimensional Euler equations for subsonic flows. Badd$Rabay
first applied thepG method to two-dimensional Euler equations in transonic flows
([15]) and than extended to the Navier-Stokes equations ([16]).DEheethod ap-
plied to three-dimensional Euler equations by van der Vegt [107]. Ledarder Vegt
and van der Venn [108, 109] applied the space-time discontinuous @ateédthod
for the solution of the Euler equations in time-dependent flow domains.

In section 3.2 the discontinuous Galerkin space discetization of the line&hized
equations is presented. In section 3.3 and section 3.4 the treatment obpuod-
ditions and initial condition are presented respectively. Finally the multi-stage lo
storage Runge-Kutta time integration algorithm is described in section 3.5.

3.2 Discontinuous Galerkin Discretization

We would like to discretise the Linearized Euler Equatiorse) (Eq. 2.37) in
space, employing the Discontinuous Galerkirg) method in a regiorf). We con-
sider a solutionu(-, ¢) such that for each timee I, u(-,t) belongs to the function
spacel/ of the form

u(-,t) e U, U=L*9Q), (3.1)

whereL?(Q2) denotes a Hilbert space of all square integrable functiori@ with an
associated inner product defined by ([65]):

(f.9)0= [ Fx)gb0de  f.ge LX) (32)
Q
The weak formulation of theee can now be written as ([27])

(L(u(-1)),v) = (s,v), Vv e U (3.3)

In order to discretise theee we divide the solution domaif? into non-overlapping
hexahedral elemenf3; such that

Q=19 (3.4)
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where2; = Q; U 99, is the closure of; and the boundarg(2; belongs to at most
two elements andv, denotes the number of elements. We consider an approximate
solutionuy, (-, t) to the solutionu(-, ¢) in the following form

uy(-,t) € Up, Uy = span{bj} C U, (3.5)

whereU), is a finite-dimensional subspace Gf The functions{b;;.} are linearly
independent basis functions defined such that

- Ejk(x), X Qé 8Qj,
= { 0 2o @9
Ejk(x) = 0, X ¢ ﬁj, (37)

The functionsh;;, andb;;, differ only in thatb;, = 0 on the boundary$; while in
generab;; # 0 on the boundary(2;. The basis functions are continuous(in and
k=0,1,.., M is the index of the polynomials where the upper limit is defined as;

d
Mpd) = T+, 38)
tl=1

with d the number of space dimensions anthe highest degree of the polynomials
used, withj fixed. We consider the approximate solutiap(-,t), in Q;, of the
solutionu(-, ) as an expansion on to the basis 8g}, }

up(x,t) = wr(Obr(x), w(t) € L*(L), b € L*(Q), (3.9)

wherey;;, are the solution expansion coefficients or the degrees of freedomefor th
solution onf2; and functions of time only in this semi-discrete approach.

It is noted that we employ the Einstein summation convention throughout this the-
sis, except for the index;”. Hence in Eq. (3.9) summation ovéris implied, while
there is no summation ovegr

We approximate the weak formulation (Eq. (3.3)) by replacing the solut{art)
with the approximate solutiony, (-, ¢)

(L(Uh(',t)),Vh) = (vah)a Vv, € U}? (310)

Since Eq. (3.10) holds fanyfunctionv;, € U} we can replace, by bj,, € U} to
get

(L(un (1), bjm) = (8,0jm), Vi€ (1,2,.,N.), ¥me (0,1,.,M). (3.11)

Inserting Eq. (3.11) into Eq. (2.37) and integrating odeads to
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/ L(up(x, £))bjmd = / sbjmd<2, (3.12)
Q
Integration by parts we get:

a;]kbkbjmdQ / £; 0™ O + / 5 (i) = / sbimdQ,  (3.13)

Q; Q;

8b]m

and applying Gauss’ theorem to the third term gives,

8:91;% 1himdS — / £, 2%m 4o / bymfin;idS = / shymd.  (3.14)

Qj j J

abjm

wheren ;; denotes’ component of the unit outward normal vector@m;. For each

J, EQ. (3.14) contains only the unknownsy, (), k = 0, .., M, giving rise toN, sets

of (M + 1) ordinary differential equations for the functiomsy(¢). The coupling

of the functionsu,;(¢) in neighboring elements is achieved by replacing the (normal
component of the) fluX; in the surface integral term by a numerical flux

fi(uj)njilxean, = h(uy, w,ny) (3.15)
whereti; (x,t) = u;x(t)bjr(x) andl € I; with

i ¢ I

l e Ij®89j0891%®, j#l, (3.16)
where,I; = {r1,r2,73,74,75,76} IS the set of global indices, describing the direct
neighborhood elements,, and/or the domain boundary which coincides with the
element boundary(2,, of element?;. The common edges are denoteddsy;; =

0 N oSy, I € I;. The setl; has six elements. When one or more edges of the
hexahedrd; belongs to the domain boundady?, the global index in the sdt; then
refers to the boundary index. With Eq. (3.9) and Eq.(3.15), Eq. (3.14ér&st as:

0 m .
S b — / g, 20 a0 + / b;mhdS = / shymdQ,  Vm,j. (3.17)

Q; Qj

LeSaint and Raviart [72] made the first analysis of the Discontinuousrkiale
method and proved its rate of convergence to be at I¢afstr general triangulations
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andhP*! for Cartesian grids employing basis polynomials up to oggevhereh is

a length scale that represents the size of elements. Later, Johnson g@mdriRak62]
proved a rate of convergence of at lekist s for general triangulations and Peterson
[87] numerically confirmed that this rate of convergence cannot be iregrasthin

the class of quasi-uniform meshes. Richter [93] obtained the optimal ratmoeér-
gence ofh?*! for a semi-uniform triangulation. Hence, when the method is applied
to a hexahedral mesh, the analysis of LeSaint and Raviart indicates ¢haethod

is (p + 1)""-order accurate.

3.2.1 Numerical flux

At any interface between two elements, since the solution is allowed to be discon
tinuous, there is a left state and a right state leading to a Riemann problemig/hich
represented by the flux vector as shown in Eq. (3.15). Solving the Rieprabtem
will provide the coupling and handle the discontinuity at element interfacasoys
kinds of flux formulas have been proposed and used in the literature toxap@ate
the solution of the Riemann problem. In this study we will consider two commonly
used flux formulas: theharacteristics-basefiux formula and the_ax-Friedrichflux
formula.

The numerical flux(-, -, -) is assumed to be Lipschitz continubasd consistent
with fmji, that iS,

h(u,u,n;) = f;(u)nj, Vu, (3.19)
and conservative, that is,
h(l_lj,l_ll,nj) = —h(l_ll,l_lj,—nj). (320)

Thecharacteristics-baseflux formula is of the form

h(a;,u;,n;) = %{f(ﬁj) + f(w) — 0A™ (1w, —u;)}, 6 >0, (3.21)

wheref is a scalar parameter arml” is the normal component of the matrix.
Choosingf = 1 leads to arexact characteristics splittin¢the exact Roe solver)
where, on the other hand, choosthe- 0 will resultin a symmetric averaged scheme.

SIf (X, || - ||) is a metric space, a functidiV : X — R is said to be Lipschitz continuous, or
Lipschitzian, if for someVl € R,
W(z) = W(a')| < Mz — ', (3.18)

Vz,z' € X. M is said to be a Lipschitz constant fdr. It is noted that this condition is stronger than
the more usual continuity condition.
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TheLax-Friedrichflux formula is of the form

1

h(a;,u;,n;) = §{f(ﬁj) + f(w) — Olalmes (0 — u;)}, 6>0, (3.22)

where, |a|mqz IS the maximum (absolute value) of the eigenvalues of(the 5)
matrix A™.

The boundary integral term in Eq. (3.17) can be evaluated numericallggiyiag
numerical quadrature formulas of the required order [36]. Howexgplication of
quadrature rules is costly [10]. Atkins and Shu [8, 10] introduced tlregliure-
free implementation where the fluxes and source terms are expanded ob#sihe
functions as follows:

Ne
fi(u(x, 1)) = (fi)n = Z(fz’)jkbjk, (3.23)
j=1
Ne
S(X,t) ~ Sp = Z Sjkbjk:7 (324)
j=1

with k& = 0,1, .., M, where the number of terms in the expansidf, depends on
the form of the nonlinearity if;. When the flux (and or the source) term are linear
functions ofu, the expansion is trivial and exact ahdl = M (p, d) whereM is given

in Eg. (3.8). When the flux is non-linear or linear with non-constant aoefits, the
flux can be expanded in a Taylor series, can be defined in terms of tfextwn
operator or alternatively the projection method can be used to determinextexflu
pansion directly. The details of these approaches can be found ind§1&h In the
non-linear case the degree of the flux expansion has to be aplgastleading to

M > M [8, 10].

3.2.2 Polynomial basis functions

The basis functions are defined on the "master” or "reference” elefme'mt the
computational space. The local coordinates in the master element arebgigen
(¢,m,¢)T and the coordinate system has its origin at the centroid of the hexahedron.
The physical coordinates in elemey are related to the computational coordinates
of the master element by the invertible map:

x7 6 — §j7

xI (&) = xjo + J;€, J; € R xR (3.25)
Herexjo = (z;j0,¥j0,zjo); denotes the location of the centroid of elem@nt(see
also Fig.(3.1)), relative to the fixed coordinate system (x,y, z)”, defined for the
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FIGURE 3.1: Transformation from physical to computational space coordinates.

whole domair2 and.J; is the Jacobian, a non-singularx 3)-matrix with constant
coefficients. The Jacobian are in general different for each element.
The mapg’ is the inverse ok’:

J

<

g
&(x)

Q.
T (x—xj0), = &) =¢ (3.26)

In general the maps’ and¢’ are nonlinear when completely general hexahedral ele-
ments are used, so the elements are restricted to parallelepiped which carabg lin
mapped into a cube. A schematic of both maps is given in Fig. (3.1).

On ) we define a set of linearly independent polynomigis(¢, n, ()} of degree
< p

{bp} = {Fnkacks |0 < ki + ko + k3 <p, ki > 0}. (3.27)

The set{b;, } is complete in the sense that it spd?)gﬁ), the space of all polynomials
on ) with real coefficients and with a degreep:

P,(Q) = spar(bo, b, - . ., bar}- (3.28)

The set of basis functiorEg;€ are induced by the sét, as:

bir(x) = bp(¢7(x)), x€Q;. (3.29)
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3.2.3 Evaluation of integrals

Employing the linear representations given by Eq.(3.9) and Eq.(3.24),dhedn
ual terms in Eq.(3.17) can be evaluated.

e Firstintegral :
The first integral of Eq.(3.17) is given by:
ou; d
T b = S / birebimdS2. (3.30)
Qj Q;

Employing the inverse of the linear map, denoted by’ and defined by Eq.(3.26),
and the basis functiorig (x), we evaluate the remaining integral as:

[ bix0bim(x / b (&) b (€)1 2. (3.31)
Q,

Recall that we have assumed| = constant per element in the previous section
leading to:

/ %bjkbjmdﬂ duﬂ’“u | M. (3.32)
Q;
with
M = [ b(€)bm(€)d02 (3.33)

so-called Mass matrix.

e Second integral

The second integral of Eq.(3.17) is given by:

Objm
/f (up) axz ™0 = /Aujkbjk 83 ds. (3.34)

Q;

Employing the relation?- = £5 -2 and(.J;); = ag L, we get
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bjm
/A u]kbjkaaj dQ) = /A u]kbk zl’J’ (335)
Q; Q

Assuming the mean flow is approximated as piecewise constant per elefeat (
constant) the above equation can be evaluated as:
/ Angib (5 )al 5| DA = |y (3.36)

where,

Fjom = Ai(J; Zl/bk%dﬁ. (3.37)

e Third integral :

The third integral in EQ.(3.17) is given by:

/h(ﬁj,ﬁl,nj)BjmdF = Z{ / {;<f”(uj)+?"(ul)>—éa(ul—uJ-)}bjmdF}
0%,

an ZEI]'
1 . _
= Z { / {2 (Ainjiujkbjk + Amjiulkblk)
1 _
*504 (ulk — u]'k) }bjmdl_‘}. (338)

wherea = 0|a|mqz- € is the index of the element faces where- 1, .., 6 for hexa-
hedra andy(). indicates the element surface. This integral is to be carried out over
each surface of the 6 faces of the hexahedra. When an elementanpwodhcides
with domain boundary than the flux term is calculated using the contributiontirem
boundary condition instead of the adjacent eleméntAs discussed in the previous

section we approximatd; = constant per element. On the interface between two
elements we use the average of the two states:

—n 1
A= ((ADE+(AnF), A7 = A, (3.39)

Rearranging Eqg. (3.38) leads to
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_ 11—n o
9% lel; 9,
1 —n - =

+§{A_——albukt/ mk@mdr}, (3.40)

082

where! is the (5 x 5)-identity matrix and the summation is over the faces of the
hexahedra.

For convenience, the surface integrals in the right-hand-side of EQ) (@4 eval-
uated on the reference squatewhich is shown in Fig.(3.2). The local coordinates
of the reference square are given&oy& (é ,7)T and the local coordinate system has
its origin at the centroid of the square. The six surfaces of the refergement are
also all squares. The surface are& d$ equal to the surface aread@f),. The surface
coordinates obX},, expressed in terms of the local element coordingges, ¢) of
the reference elemefi, are related to the local surface coordinates of the reference
squard’ by the map:

¢*(€): I o0,

PU(€) =&+ 08, B R xR (3.41)
where¢, = (£0,m0,C0)! represents the location of the centroid of the sur}%g,
expressed in terms of the local element coordinates of the referencenéleraad

where the indexs € {1,2,3,4,5,6} depends on the indices of the two adjacent
elementd?; and(2; by:

s =3(j,1), (3.42)

and wheres(j,1) is such that

X (@°(1))) = 01, s =35(j,1). (3.43)

In EQ.(3.41)D, is a 2 x 3)-matrix. In addition, we introduce®, which is the inverse
map of¢®:

¥*(€): 00— T,
PP = (202)TOI(E €)= Y(PT(E)) =€ (349)
where it is required thatet(®7®,) # 0. It is noted that since the matrik, is not

a square matrix it cannot be inverted. It can be shown that for all six fnapsthe
faceso(), to the reference square thitt(®7'®,) £ 0.
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FIGURE 3.2: Mapping from reference squaié onto 9<),
and vise versa.

Employing the mapbs(é) we can write for the basis functions defined in the ref-
erence elemerf?, Eq.(3.27):

M (p,d—1)

(€)= > Tinbm(8), (3.45)
m=0

where the sefb,,(€)} = {1,£, 9, ...,7?} forms a basis for polynomials with degree
less or equal tp onT' € R2. The matriced™ are (M x M)-matrices, where

M(p,d) = M(p,d—1), (3.46)

and whereM (p, d) has been defined in Eqg.(3.8). With this relation, Eq.(3.45), and
the earlier obtained relation between the basis functigpsind b, Eq.(3.29), the
firstintegral on the right-hand-side of Eq.(3.40) can be rewritten intotagial over
basis functions;, onI" (with Einstein summation convention, except for inggx

/b]kbjmdF— /bkb 1J;lde = /Tkk,bk/ b LD, (3.47)
08 an

where|.J,| = 1, because the surface area of the square surfaeesd, are equal.
So, we have;

/ bjkbjmdl = |J;| T T / by by T, (3.48)
anl -
The integral in Eq.(3.48) has to be evaluated only once, as a pre-pingasep in a

numerical simulation. For the first term on the right-hand-side of Eq.(3.40am
now write:
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L == T 7 L r—n s s 77 I
5[/1 + al|uyy / bjkbjmdrzjjy{Q[A +aI}Tkk,Tmm,/bk,bm,dr}ujk,

0,
(3.49)
which, upon introducing the notation:
1r—n L
Gjn = 5[ A" + Al | T T / byrbyedE, (3.50)
r
can be written as:
1r—n -
§[A + ol uy / bikbjmdl = | J;|G jmuj.- (3.51)

oM

The evaluation of the second integral on the right-hand-side of Eq.(Bwvdyes
integrating basis functions from both elemefs and(;. Although both can be
mapped ontd’, the integration can not readily be performed because a common
point on A2, is mapped onto different points it when mapping this point from,
respectively, elemerfl; and€); onto I'. Assuming that a point on the surfagec
dQ, is part of elemenf);, it is mapped onto the poirt; on the reference square
However, assuming that € 02, is part of elemenf; it is mapped ontof2 onl:

€1 =9 08 (x) = ¥*(¢/(x), (3.52)

& =9 o€l (x) = ¢'(€'(x)), (3.53)
where

s =73(y7,0) and t=73(l,7), (3.54)

and wheres(j, 1) is as in EqQ.(3.43). In gener8), # £,. The above situation has been
depicted in Fig. (3.3).

From Egs.(3.52) and (3.53) and the maps Eq.(3.41) and (82415)n be expressed
in terms of¢ .

€ =l og oxl 0 g(€)) = ¢(€' (K (¢°(€1))), (3.55)

where the matrixV is given by:
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1 N

/Il Pt ® 0O

FIGURE 3.3: Compound maps)® o & and v o &', mappingx onto &, and &,,
respectively.

sow=[ "ty o | esn

with § = 0, =5 or m andp = £1. The relation presented in Eq.(3.55) describes the

path; Firsté1 is mapped onto a point ad?, in the reference elemefit via the map
¢°, next this point ord<2, is mapped ontex in H9, via the mapx’. Now we have
expressec in terms ofél. Subsequentlyc(él) is mapped vig' andy’ to 52 inT.

The basis functions evaluated farcan now be expressed in terms of the basis
functionsby:

(3.58)

£). (3.59)

For the second integral on the right-hand-side of Eq.(3.40) we now obtain

[ B0y (O = |5 Tl T [ B (V&) B (€1 (3.60)
08 r

Employing Eq.(3.57), the basis functioi;m(Né) can be written as:

A~ A~

bi(NE) = Nigmbm (), (3.61)
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and we can write for Eq.(3.60):

[ BB (0T = | T T N [ e (3.62)
o r

Hence, we have obtained for the second part of the right-hand-satpiation Eq.(3.40):

Lr—m - - 1r—n s
i[A —af}ulk / Digbjmdl = \Jj{2[A —aI}T,gk,Tmm,
09,
Nk’n’/i)n’gm’df}ulka (363)
r
which, upon introducing the notation:
1 —n -~ -~ A
Hjj = 5 A" — o | T Ty Nig / by by dI, (3.64)
I
can be written as:
1 — "N = 7
i[A —al]ulk / blkbjmdl“: |<]j|HJl'kmulk' (365)

oy

In summary, we have obtain for the third term given by Eq.(3.38), employipe0)
and the results of Eq.(3.51) and Eq.(3.65):

/ h(W), 0, 1;)bjmdD = | ;|G jrmin + > |5 Hbpp - (3.66)
09 lel;

e Fourth integral :

The fourth term of Eq.(3.17) is given by:

(sh bjm)q, = (bjks bjm) g, Sik- (3.67)
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Clearly the integral which has to be evaluated here is exactly the same asethe on
which had to be evaluated for the first term. Employing Eq. (3.24) and E83)%e
therefore simply obtain:

(Shabjm)gj = ’Jj’MkmSjk- (368)

3.2.4 Resulting system of equations

In the preceding section, section 3.2.3 we performed all the required atitag
of Eq.(3.17). Combining the results of Eqs.(3.32), (3.36), (3.66) an@)8:6 obtain
for EQ.(3.17)VQ; € Q,Vm € [0, M (p, d)]:

dujk

| Mgy —22

+ 1= Fjkm + Gjkm} Wik + > i Hjpuie = [Jj| MimsSjr,
lel;
(3.69)

Hence, the determinani;| can be divided out of the equation, to result in:

dujk

M
km ™ 7, dt

+{-F jkm T ijm} u; + Z H]l'kmulk = MgmS;k- (3.70)
lel,

For the sake of completeness, the matritgs,,, Gim, Fixm and Hy, are given by
(Egs.(3.33), (3.50), (3.37) and (3.64), respectively):

M, = / byobyyd€2,

F;

jkm—A zl/bk’

1 .
H]lkm = 5 |:A — O[I:| Tkk/T m’Nk’n/ /bn/bm/dF,
I

where (Eq.(3.43)):

=

s =3(j,1), */(¢°(1)) = 0.




3.2. DISCONTINUOUSGALERKIN DISCRETIZATION 31

3.2.5 Evaluation of integrals involving non-linear terms

In section (3.2.3) we have evaluated the integrals where the determinarg of th
transformation Jacobian (J) is assumed to be constant and the mean flgwas-ap
imated as piecewise constant per element. In general the transformatibiajaco
J, and the mean flow can be in linear or non-linear form. Thus these termsecan
expanded in terms of the basis functions leading to a general way of Bugltize
integral terms. In order to demonstrate this we will re-evaluate the first ecwhd
integral terms using the mentioned expansion.

e Firstintegral :

The first integral of Eq.(3.17) is given by:

d
T b = / bircbimdS. (3.71)

Employing the inverse of the non-linear map, denoted by¢’ and defined by
Eq.(3.26), and the basis functiohg (x), we evaluate the remaining integral as:

/ b1 (3)bjim (x / by (€)bun (€)1 dS2. (3.72)
Q .

Since the map is non-linear the determinant of the transformation jacobian & not
constant. The terrfy/;| can be expanded in terms of the basis functions. In general,
as:

[T = 35% + 539 + 37" + 5371 ¢ + 5 0en + . (3.73)

where, the number of terms is determined by the desired order of accooirdioy
expansion. Inserting this expansion into the volume integral gives:

/bmbk|Jj|dQ _ /b b { j 000 +JJOO§+J01O77+j?01C+jjl'10§77+ ...}dQ,
Q
_ ooMooo +]jooMloo +]?10M010 001M39k1 + ... (374)

mk

where,

— —

M = [ b (€)bu()dcdnde. (3.75)
Q
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is so-called Mass matrix. Inserting Eq. (3.74) into Eq. (3.71) will result in

aU';C dll'k
/ I8 b jmdQ = =% { OOOMOk +jJOOM100+j?10M010+]§)01M210]3+”-}.

ot dt
Q;
(3.76)
e Second integral
The second integral of Eq.(3.17) is given by:
O0bjm O0bjm,
/ f(w) 20 = / Ay 5" (3.77)
Q; Q;
Employing the relatlork = gfcl 88& and(J;) = gg , we get
/A ujkbjk dQ /A ujkbk( )zl|<]| (378)

Q

Following the discussion above, the terdmcan be expanded in terms of basis func-
tions as:

A = AP 4 A0¢  AQ0y 4 ADOLC 4 AMOgy. (3.79)

and the inverse transpose of the transformation Jacobl?*r:f,)il, as:

(T Dl = (I + (1] T+ (I T+ (19T ¢C+ (I en +

(3.80)
Inserting above expansions into Eq. (3.78) we get:
Ay \J] = [y 2 {000 4 100 4 4010, 4 g001
be (T )a = u]k;kzaf i ATE AT+ AT
Q
[(JOOO)fT + ()T + (1) T+ (¢
[ -000 +J]00§+]01077 +g?01§...]}df2, (3.81)

which can be rearranged to get
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[ b3 i G = (AT L A
A?OO(‘]J'IOO)llT.]JOOO A?OO(J]QOO)ZZT];OO} ‘Fjllgrez . (382)
with,
Fiiads = / girgjacia b, 2om ag ™ ¢ dnd. (3.83)

3.3 Boundary conditions

An important feature of th®G method is that the approximate Riemann flux is
the only mechanism through which an element communicates with its environment
(direct neighbor or domain boundary), regardless of whether thadiog surface
of the element is in the interior of the domain or coincides with the domain bound-
ary (Atkins [9]). This makes that the system presented in Eq.(3.70) is pfdca-
ble in elements adjacent to the domain boundary. In contrast, most higtesr-or
finite-difference and finite-volume methods require a modification of the etizer
tion stencils at points near the domain boundary. With increasing order, tte mo
ifications are needed for an increasing number of points, counted frerddimain
boundary inwards. The modification requires special attention becansght ad-
versely affect the accuracy and might even give rise to instabilities. Ernmgldlye
DG method complications such as these are avoided.

The boundary conditions can be imposed by either providing the desikgibso
1; at the exterior side of the boundary, to be used in the approximate Riemamm flu
Eq.(3.17):

/ h(ﬁj,ﬁl, nj)gjmdl“, (3.84)
08

or by reformulating the boundary normal flux, subjected to the specifieddzry
condition, such that only part of the interior data are needed (Atkins f&ice we
usually do not have an exact solution at the exterior, we will specify thmdary
condition by reformulating the boundary normal flux. In section 3.2.1 the riateg
involving the approximate Riemann flux, given by Eq.(3.84), replaced tHaca
integral term of Eq.(3.17) and was introduced to provide coupling. In #ugan we
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will apply the different boundary conditions to boundasy;;, N 0€2, wheredSl;;, €
o0, 0y, € 09, and reformulate the surface integral term of Eq.(3.17):

/ i (T;)nibjmdl, (3.85)
0
where
fi(ﬁj)nﬂ = nj,'Aiﬁj = Anﬁj, A" = njiAi, (386)
and where:

ﬁj(X,t) = ujk(t)bjk(x), X € an

Hence, we have:

/ fi(ﬁj)nﬁ@jmdF = A”ujk / Ej;ﬁjmdf. (387)
0y 0y,

In analogy with section 3.2.3, the integration will be performed employing the
reference squarE. The notation which will be used here has been introduced in
section 3.2.3. Employing the result of Eq.(3.48), we recast Eq.(3.87) intuegral
over the reference square:

/ (T bjmdD = APl T8 T / by by d, (3.88)
0, i,

wheres is such that/ (¢*(I))) = 9Q;;. Upon introducing the notation, which is
closely related to the notation introduced in Eq.(3.50):

r
we obtain
/ £ (0)1ibjmdl = Gy, . (3.90)
0

The unit normal vecton to the boundary();,, which we will use frequently
in this section, is derived from the unit normal vector to the bound#ty in the
reference element,, employing the relation:

JfTTS

= 7 (3.91)
=T
1T 7|
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Itis noted that andT are constants ofi2 andos,, respectively.

In the subsequent (sub-)sections the characteristics-basedftemimg boundary
condition foroQ;, € 9QN%, solid wall boundary condition fod$2;, € 995" and
vibrating wall boundary condition fa?$2;, € 9QV"W, will be presented.

3.3.1 Characteristics-based non-reflecting boundary contion

We apply non-reflecting boundary conditions when we want to ensurevihees
that are leaving the domain can do so, as if the boundary does not exassinplest
form of non-reflecting inflow and outflow boundary conditions is obtaibgdplit-
ting the boundary normal flux into characteristic components according étheh
their associated wave is entering or leaving the domain. The Euler and thezdétea
Euler equations are hyperbolic and can therefore be transformed iheracteristic
form which facilitates the boundary condition treatment.

The 6 x 5)- matrix A, defined in Eq.(3.39), has eigenvalues\y, ..., A5, the
corresponding eigenvectars, . . ., r5 can be shown to be linearly independent. Now
we can write (Ride & Westergren [89]):

A" = RAR™ Y, (3.92)
where
A:diag()\l,...,/\5), R:[rl,...,r5]. (393)
We define:
AT = diagmax(0, A1), . .., max(0, \s)), (3.94)
A~ =diagmin(0, A1), ..., min(0, \5)), (3.95)
and note that:
AT AT =A, (3.96)
such that:
A™Ma; = (RATR™ Y4, + (RA™R™Hw, (3.97)

wherew can be used to describe an incoming wave. Usually w&setO.
Settingw = 0, we replaceA? in Eq.(3.89) byRATR~!. Upon introducing the
notation:

jkm —

GNE = (RA*R-V)T, TS, / by by, (3.98)
v
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we obtain for the characteristics-based non-reflecting boundanytmond

/ fz(ﬁj)nﬂ@mdf = G%ﬁiuj‘k, anb e 0ONVE < 0. (3.99)
9%

3.3.2 Solid-wall boundary condition

The solid-wall condition states that no flow passes through the bountlssum-
ing that the mean flow satisfies this condition, we have to set the normal velocity
perturbation equal to zero in order to implement this condition .

In vector notation, a vectoV can be modified to have zero normal component,
relative to the normah, by replacing it by the vectow:

“h:V—(V-@n, sothat W -n = 0. (3.100)

The three components of the velocity perturbation are given by the settort
and fourth component af;. Hence, to implement the solid-wall boundary condition
for the velocity perturbation, we have to impose:

w'tn, =0, m=1,2,3, (3.101)

whereu]" denotes then'-component of the solution vectar;. Because the bound-
ary normal vector is constant over the surfagg;;,, the solid-wall boundary condi-
tion can be applied to Eq.(3.90) by replacigby u;, where the second, third and
fourth component are given by (in analogy with Eq.(3.100)):

antt = ultt - (uﬁ;lnl)nm, m,l=1,2,3, VEk. (3.102)
The first and fifth component af; remain unchanged. For the solid-wall boundary

condition we finally obtain:

/ﬂ@Wm%MF:@m@b 99, € 9057 00, (3.103)
025y

3.3.3 Vibrating-wall boundary condition

When considering a vibrating wall it is assumed that the surface-vibratii-a
tude is small compared to a representative acoustic wavelength andergptee
dimensions describing the surface. Assuming that the vibrating wall condit&on
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the wall displacement, is introduced to the linearized Euler equations by alngma
locity boundary conditioni,,;;, the boundary condition can be imposed by simply
modifying Eq. (3.102):

@t =t = (W (an) i ), ma1=1,2,3, Yk, (3.104)

where (u,q11) ;1 Can be obtained by projecting,,; onto the basis se{tl}k}. The
coefficients can then be obtained from solving:

/uwalli)mdf = (uwau)jk/i)kl}mdf‘. (3.105)

r r
Althoughu,,,; is known function ofé andn in the entire surface, evaluation of the
integrals, presented at the left-hand-side of Eq. (3.105) might still be etsoimne.
As an alternative, the integrals can be evaluated employing numericalaquigdor

the projection coefficients can be obtained by expandipg; in terms of the local
basis function$y,.

3.4 Initial conditions

We can expand the initial conditions in terms of the basis functions. Suppose w
have the initial condition

u(x,0) = up(x), ug(x) € R, (3.106)

We would like to approximate this initial condition with a projection on to the basis
functions as:

up, = Y uw(t)bji(x), (3.107)
J

We also require that the error between the exact funatipand the approximation
uy, to be minimum. Hence;

b= [ lhun = wolPas, (3.108)
Q
is minimized. We can write this norm as

Y= / [y, — uw,|?d2 = /(uh — ug, uy — upd??). (3.109)
Q Q
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To minimize the above norm, the derivativeswiwith respect to allu;?}C must be
equal to zero:

671761 =0, Vj, k,m, (3.110)
8ujk

note that there is no summation over ingex

— = 2/ —ug')dS2,
8u]k / (e u)
= QUﬁ/bjkbﬂdQ — 2/bjkug‘ = 0,
Q Q
= (bjk, bj)uj; = (bjk,ug'), Vi, m, k. (3.111)

For fixed values of € {1,2,...,N},m € {1,2,....5} thisisa(p+ 1) x (p+ 1)
linear system fou[fg, u7j, ..., uj,.

3.5 Runge-Kutta time integration

The time integration is performed applying the low-storage Runga-Kutta)([61]
algorithm. The system, presented in Eq.(3.70), for each elefhigistwritten as:

du;

ditj = Ku,. (3.112)
The matrix K is comprised of the contributions of eleménf and its (at most) six
direct neighbors();, I € I;. The solution at time + At is obtained from the solution
attimet, vQ2;, employing the following algorithm for thé/-stage Runga-Kutta time
integration:

n0 _ - n
u;” =uj,
n,k n,k—1 o
u; =uj +7k,AtKu , k=1,..,N,
it = ut (3.113)

The coefficientsy;, can be chosen such to obtain the required accuracy in time. For
the four step scheme we use= %, Y2 = % V3 = % andy,; = 1.




CONVECTION OF A GAUSSIAN
PULSE

4.1 Introduction

The verification is always the first goal in developing a numerical algorithweri-
fication procedure is achieved by applying the numerical method to a pratihéch

the analytical solution is known or can be derived and verifying that theiso
obtained by the numerical method is close to the analytical solution within "accept-
able” limits. Verification procedure also makes it possible to get an idea awmout
actual accuracy of the numerical method developed both in space and tintieer-
more, post-processing is almost a "must” to get more insight of the methodt deve
oped. Considering all these processes it is advantageous to chasgk”problem
where the analytical solution can be derived and all these time consumingrical
experimentsan be simulated in a shorter time. To this end, convection of a one-
dimensional Gaussian pulse is chosen as a verification problem. Althoughotie

lem is one-dimensional the numerical solution is obtained by a three-dimehsiona
method.

The discontinuous Galerkin space discretization is tested up to fourth-afrde-
curacy. The time integration is performed by the four-stage low-storaggdRriutta
algorithm which is shown to be fourth-order accurate.

In the next section the problem is described. The analytical solution of tidgm
is presented in two alternative routes in section 4.3. The numerical resultdiimg
the numerical dispersion and the CPU-time requirements are presentetidn det.

4.2 Problem Description

As atest case Egs. (2.37) are solved on a rectangular domain in whichpacb
acoustic perturbation is imposed through the initial condition on the hexdhgitta
The solution domain has dimensiong [—5, 5], while in they — z plane it contains
only one element, which is sufficient in order to represent the solution qfrésent
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1D problem. However, note that the unknown coefficiemfs associated with the
basis functions that have a variation with respect tajthadz-directions are not set
to zero, but are computed as part of the solution. The initial acoustic patiom

is centered at = 0, y = 0, z = 0. The simulations have been carried out with a
quiescent background without sources= 0) and the initial condition for the 3D
solution vector is given by:

u(x,0) = (¢, o/, v/, w',p) " = (f(2),0,0,0, f()", (4.1)
with, .
fla)y= e, g= BT 42)
A3 I eSS SIS
Ay
X =-5 ; X=09

FIGURE 4.1: The solution domain.

In the remainder of this chapter we drop the primes, so the perturbed quaatéie
stated a®, u, v, w, andp.

4.3 Analytical Solution

In one-dimension the Linearized Euler Equations (Eq. (2.37)) can be mete

follows:
ou ou B

5 TA5 =0, (4.3)
where,
p M 1 0
u=|u |, A= 0 M 1 |. (4.4)
D 0 1 M

The matrixA has three linearly independent eigenvectors, corresponding to thme eige
valuesM + 1, M andM — 1 of A, therefore matrix4 can be diagonalized as;

11 1
A= RAR™!, R=|10 —1]|. (4.5)
10 1
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with, A = diag(M + 1, M, M — 1). We introduce a new unknown;

w1
w=| w |, (4.6)
w3

by means of the following transformation

u=Rw=w=R lu, 4.7)
with
0 3 3
R1=11 0 -1]. (4.8)
o -1 1
2 2
Introducing this transformation into Eq. (4.3)gives
ou odu ow ow

and multiplying each side of this equation By ' we get

10w 10w
R™R—--+ RTAR - =0, (4.10)
or,
%Vtv + Agvgj —0. (4.11)
with,
3(p+u)
W = p—D . (4.12)
3(p—u)

The components of are called Riemann invariants. The analysis show that the first
and third component of corresponds to acoustic waves and the second component
to the entropy wave. For the present initial solution the latter one is absemt. Th
general solution of the above equation can be written as

w(z,t) = f(x — At). (4.13)

Now, consider the problem introduced in section 4.2 in one-dimension withitteg in
condition:
f(z)

w=| 0 |, (4.14)
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with f(z) defined in Eq. (4.2). Applying the transformation introduced in Eq.(4.10)
leads to:

0 3 3 f(z) 3/ (@)
wo=Rlyy=1|1 0 -1 0 = 0 . (4.15)
0 -+ 1 f(x) 2/ ()

Using the definition off(z) (Eq. (4.2)) we can write the general solution of the
problem as:
1e—ﬁ(m—/\1t)2
2
w(x,t) = 0 . (4.16)
%€7B(1'+A3t)2

Using the transformation introduced in Eq. (4.10) one more time we can write the
general solutionu(z, t), to the Eq. (4.3) fodl = 0, (A = diag(1,0,—1)) as follows

1 %efﬁ(xft)Q

—1 0 :
1 % —B(z+t)?

u=Rw = u(z,t) =

— ==
O O =

)
(e~ BE—? _ z) . (4.17)
(e BE—0)* 4 o= ﬂ %)

[l I N

The analytical solution of the problem considered is shown in figure (8vAr@us
time instants. It shows that the initial Gaussian pulse splits up in two (condemsatio
waves, one moving to the left at spe§d: (M — 1) and one moving to the right at
speed‘fl—f = (M + 1) with amplitude equal to half the amplitude of the initial pulse.

The induced velocity perturbations in both condensation waves is in thagmep
tion direction of the wave, as known from classical 1D acoustics (serefiy3).

We can also derive an alternative route to the analytical solution. Rewrite the
Linearized Euler Equations:

o T Mor T =0

ou ou 0dp

a%—M%—Fa—x—(),

Op op  Ou

E—F o +% =0. (4.18)

We can differentiate Egs. (4.18) to get

9 9 2 d*p
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1 =

0.8 1
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04 ¢

0.2 r

4

FIGURE 4.2: Distribution of pressure perturbation at various dimems&ss timest¢,/H,
with H the height of the duct). Analytical solution.

2 2
(8+M8> w(a,t)— 24

ot ox Oz
0 9 \?
(55 + M52 ) ow0) = plar ) =0, (4.19)
Therefore d’Alembert’s solution can be written as follows:
pla,t) = flo—(M+1)t)+gla — (M —1)t),
u(z,t) = flo—(M+1)t) - gla— (M —1)t),
p(x,t) — p(x,t) = h(z— Mt). (4.20)

The solution can be interpreted as in figure (4.4) Along the tine 0 the initial
condition is given in Eq. (4.1). From this it follows that along the initial line 0,
p — p = 0. This implies thap(z, t) — p(z,t) = 0. Furthermore along the initial line
t=0p+u= f(x),sothatp(x,t) + u(x,t) = f(x — (M + 1)t). Finally along the
initial line ¢t = 0 p —u = f(x) leading top(z,t) —u(x,t) = f(x — (M —1)t). This
is summarized in figure (4.5). From Eq. (4.22) the general solution camitiemas:

past) = 30— (M +10)+ 5 — (M = 1)) = pla ),
w(zt) = %f(x (M +1)1) - %f(a: — (M- 1)), (4.23)

Finally, using the initial condition introduces in Eqg. (4.2) we can write the solution
as follows:

(e—ﬁ(x—(MH)t)Z + e—ﬁ(x—(M—l)t)2> ,

ple.t) = plet) =
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FIGURE 4.3: Distribution of velocity perturbation at various dimensless timest¢,/H,
with H the height of the duct). Analytical solution.

dx
— =M — p = constant
dt p—p n
d
df =(M+1) : p+u=constant
d
_ d‘::(M—l) . p— u=constant
X (4.21)
FIGURE 4.4: Characteristic lines.
! f M+1
+u=f(x—(M+
PRt pla,t) +ule,t) = fla—(M+ 1)),
p-uzfx-M-1)y  P(@, 1) —u(x,t) = flz— (M —1)t),
p\z, t) —p 7t = 0
(4.22)
/ X
p-p=0

FIGURE 4.5: Construction of solution of

(x,0).
(e—ﬂ(%‘—(l\@rl)t)2 _ e—ﬁ(w—(M—l)t)2> ) (4.24)

DN | =

u(x,t) =
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For M = 0 this solution is identical to the one presented in Eq. (4.17).

4.4 Numerical Results

The initial solutionu(x, 0), given by Eq. (4.1), has been approximated by a Taylor-
series expansion in each element which has the same spatial order rafcycesi the
numerical method itself. Alternatively the initial condition can be projected or@o th
basis functions as described in Section 3.4.

The 1D simulations have been performed with the present 3D method.At thd-bou
aries inz-direction ¢ = +5) the characteristic based non-reflecting boundary con-
ditions (see Section 3.3.1) are employed. Furthermore symmetry-planedrgund
conditions are used i+ andz-directions. For the linear equation which we are con-
sidering, the symmetry-plane boundary condition is identical to solid-walhdary
condition, described in Section 3.3.2. The numerical solution is presenteg! the
line in z—direction passing through the centroid of the elements.

The simulations have been carried out on different hexahedral medephysi-
cal domaing, is partitioned into 100, 200 and 400 equally sized cubes-direction,
while one cube is used i+ andz-directions (figure (4.1)).

During the computations the results (function valpé>(0) and its first derivatives
(p > 1), second derivative(> 2), etc.) are obtained at the cell centers and subse-
quently as a post-processing the values at all corner points of the neesticdmated
using the basis functions. When a node point is common to more than one element
the node value is obtained by averaging the corner point values .

4.4.1 \Verification

Figures (4.6) and (4.7) shows a comparison of results for the firsthdettord and
fourth order accurate numerical method with the corresponding analgtbaion
for dimensionless times= 1 and¢ = 2. The simulations have been performed on
a relatively coarse mesh (number of element i direction, N=50) to demonstrate
the accuracy of the method. The results show that for the first-order théthe 0)
the pressure perturbation dissipates quickly, while the higher-order dsefhg 1)
give much better results. A similar comparison for the velocity perturbatioroisrsh
in figures (4.8) and (4.9).

In figure (4.10) the reconstruction of the discontinuous solution is showwair-
ious orders of accuracy. Here, the solution is evaluated at a large nfri@y of
points within each element, as a post processing, using the base fundfithesn
only an element-wise constant basis function is uged (0) the solution can only
be approximated element-wise constant. Increasing the polynomial dedneeato
(p = 1) already gives better approximation as can be seen from figure (41a0jeq
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FIGURE 4.6: Distribution of pressure perturbation at dimensionlessdit=1 forAz = 0.2,
for the analytical and numerical solutions. The symbolsdaté the numerical solutions, the
solid line is the analytical result.

——— analytic
=0
0.5

p
p 1
p 2
p 3
0.4

0.3

0.2

0.1

LML B L s B B s B By N S By e |

FIGURE 4.7: Distribution of pressure perturbation at dimensionlesssit=2 forAz = 0.2,
for the analytical and numerical solutions. The symbolsdaté the numerical solutions, the
solid line is the analytical result.
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FIGURE 4.8: Distribution of velocity perturbation at dimensionlessié t=1 forAz = 0.2,
for the analytical and numerical solutions. The symbolsdaté the numerical solutions, the
solid line is the analytical result.
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FIGURE 4.9: Distribution of velocity perturbation at dimensionlessié t=2 forAz = 0.2,
for the analytical and numerical solutions. The symbolsdaté the numerical solutions, the
solid line is the analytical result.
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FIGURE 4.10: Reconstruction of the discontinuous solution at dimenegstime t=1 and
Az = 0.2, for various values op. The solid lines indicate the numerical solutions, the
dashed line is the analytical result.

tively. The fourth-order methodh(= 3) gives the best results.

For the fourth-order method the difference between the analytical soltidithe
numerical solution is plotted in the left-hand side of figure (4.11). The righih
side of figure (4.11) is a close-up of part of the plot illustrating the discantis
numerical solution at the element interfaces. The sharp peaks in this plesgond
to the intersection points of the numerical solution evaluated at many points on the
element and the analytic solution. At mgst- 1 intersections are expected where
is the degree of the base functions.

The simulations performed fagr-refinement study on th&00 x 1 x 1 mesh is
plotted in figure (4.12) where the comparison with the reconstructed rewlthe
analytical solution is also shown. The reconstructed result is obtaineg t&mu-
merical solution obtained by the fourth-order (p=3) method on the same ndesh.
closer look (see figure (4.13)) shows that the reconstructed solutioragréement
with the analytical solution.
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FIGURE4.11:Difference between the exact solution and numerical smifor the pressure
perturbation at dimensionless time t=Ax = 0.2 (left). A detail of figure (5) showing the
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FIGURE 4.12: Comparison of the distribution of pressure perturbationglanensionless
timet = 1 for Az = 0.1 for p-refinement.
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FIGURE 4.13: A detailed view of comparison of the distribution of pressperturbations
at dimensionless time= 1 for Az = 0.1 for p-refinement.

4.4.2 Accuracy

We obtained the time-converged solution by performing a time-refinement study
We can approximate the semi-discrete solution by employing Richardson@strap
tion [89] as follows:

{p/At(Xv t) - plAt:O(Xv t)| = CAta’ (4-25)

where,p/y, is the fully-discrete solutiony/y,_, is the semi-discrete solution,is a
constantAt is the dimensionless time step amds the order of accuracy of the time
discretization. Performing simulations for different values of the dimenssrilme
step,At, we can construct the semi-discrete solup@n_, for any point with the way
explained above. Figure (4.14) shows the order of accuracy of the tstietization
obtained by employing equation (4.25) at each grid point. The dimensionlesistime

t = 1 and the domain is divided into 100 elements. Here, the result is shown only for
the fourth-order = 3) accurate method, but a similar result is obtained for the first,
second and third order methods. Recalling that a four-stage low-stBragge-Kutta
scheme is used for the time discretization, the time refinement study suggests that
indeed the method is fourth-order accurate in time for the linear problendesad.

Next, a grid convergence study is performed using the time-convergaetéscrete
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FIGURE 4.14: Order of accuracy of the time discretization, obtained by fburth-order
method, at dimensionless time t=1 and fog = 0.1.

solution. In order to perform this study, the solution is evaluated on an ag&tion

mesh with 10,000 common points used for the meshes with 100, 200 and 400 el-
ements inx—direction, i.e. with 100, 50 and 25 interrogation points per element,
respectively. Thd.o-norm employed for each mesh, is of the form:

|

| 10000 . 1/2
>~ 10000 [p’($j7 t) - p/e:cact (xja t)} (4.26)
=1

1/2

]

L
/ [p'(:c, t) - p,e;ract(xa t)}2 d:L'}
0

with z; the points of the interrogation mesh, which gives an accurate approximation
of the integral norm. Note that thé(x, ¢)’s used are the semi-discrete solutions for
At = 0 on the mesh considered.

In figure (4.15) results obtained for three different meshes are ceupdth the
reconstructed result and analytical solution. The reconstructed reslitained us-
ing the numerical result obtained by the fourth-order (p=3) method onGArlk1l
mesh. A detailed view is shown in figure (4.16).

The figure (4.17) shows thk,-norm of the error in the pressure perturbation as a
function of the number of elemenf§, with Az = L/N, andL = 10. The results
show that the present method is converging at a raté¢’of for p = 1,2 and3 and
with a rate slightly higher thah?* 3 for p = 0, which agrees with the convergence
rates derived in the literature, e.g. Ref. [60]. It is remarkable that inahge ofAx

considered the line of the ordemethod is situated above the one for the orger)
method for any considered.
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FIGURE 4.15: Comparison of the distribution of pressure perturbationglmensionless
timet = 1 for Az = 0.1 for grid refinement.
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FIGURE 4.16: A detailed view of comparison of the distribution of pressperturbations
at dimensionless time= 1 for Az = 0.1 for grid refinement.
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It is also observed that in case fewer points are used to evalualetherm, e.g.
common grid points of the coarsest or finest mesh considered (wherartitzen of
points used to evaluate tle norm is of the order of the number of grid points) the
rate of convergence fgr = 1 is abouth? (see figure (4.18)) which might suggest
that this specific norm is based on some special points in the solution, nawialg p

close to the intersection points.

10°
10"
107

10°

10°
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L/N, with L = 10, at dimensionless time t=1 where fewer points are used thuatathe

Lo-norm.




54 CHAPTER4. CONVECTION OF A GAUSSIAN PULSE

4.4.3 Numerical Dispersion

The present method produces weak waves of small amplitude introducse by
numerics. Originating from the slope-discontinuity at the fronts of the initialeya
wave propagating at a higher speed thatead the acoustic wave.

Blom [25] has shown the numerical dispersion relation for the discontsGalerkin
method applied to a one-dimensional model problenpfer 0 up top = 5. Blom
also discussed that the slope of the numerical dispersion as functiom\of, with
the scaled wave numbes = %, represents the velocity at which the numer-
ically induced waves propagate. In figure (4.19) this slope is shownleslaizd
from the numerical dispersion relation plot that is presented by Blom [2&j€ 79,
figure 4.4) forp = 3. Itis seen from figure (4.19) that the numerically induced waves
propagate at a speed betwegrand abouRcy.

/oK

FIGURE 4.19: Calculated slope of the numerical dispersion relation gibg Blom[25] for
p = 3 for plane-wave perturbations.

The numerical dispersion can be demonstrated for a problem similar to tissi@au
pulse problem considered in the preceding sections. Consider a domiaiashai-
mensionse € [—5, 5] and extends in thg — z plane by only one element. The initial
acoustic perturbation is symmetric with respect to the ptane 0 and the initial
condition for the 3D solution vector is given by:

u(x,0) = (p',u’,v’,w',p')T = (g(x),O,O,O,g(a:))T, (4.27)




4.4. NUMERICAL RESULTS 55

08 - —
06 —

04} | \ /) .

|
|
02 II | o -
|
|

FIGURE 4.20: Distribution of plane-wave pressure perturbation at dirsienless times =
0 (initial condition) and¢ = 1. Numerical solution fop = 3, Az = Ay = Az = 0.05,
At=1.0-1073.

with,
g(x) = 608(2%%), —0.5<x <05, (4.28)
g(x) =0, z < —0.5, (4.29)
g(x) =0, x> 0.5. (4.30)

with A = 2, defining a half-sine wave with a slope discontinuity at the fronts initially
atz 4+ 0.5. Figure (4.20) shows the initial wave and the numerical solutian=atl .
From the numerical results, as well as from figures (4.20) and (4.24 gvident that
the amplitude of the numerically-induced waves is very small, smallertbah

In figure (4.21) the contours of the pressure perturbation are plottee in tht
plane. In this figure the speed of the true wave can be calculated-asl.0. What
is also evident from this figure is that the weak numerically induced wavgsate
from the slope-discontinuity at the fronts of the imposed wave. The spethese
numerically induced waves can be determined from the figure as being iarnbe r
co and a value slightly abovecy. This result is in agreement with the numerical
dispersion relation analysis shown by Blom [25] fo 3.

4.4.4 CPU time requirements

The simulations have been performed on SGI Origin200 MIPS RISC R12000
processor with a clock speed of 270 MHz. The time required to advana®hhigon
one time step is shown in table (4.1).

Although the CPU-time required per time step gives an idea about the simulation
times, since the errors between the analytical solution and the numerical method
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FIGURE 4.21: Contours of plane-wave pressure perturbations inithet plane. Numerical
solution forp = 3, Az = Ay = Az = 0.05, At = 1.0 - 1073,

number of elements order of accuracy(+ 1) | CPU time per time step (seconds)
100 2 0.0182
100 3 0.0247
100 4 0.0415
200 2 0.0356
400 2 0.0704

TABLE 4.1: The time required for the numerical simulations on the hexahedral mesh.

presented in Table (4.1) are different for each method it is not an erpagparison.

To have a better idea of an optimum method in means of CPU-time it is more accurate
to compare the time needed to reach a certain error level. This can be achieve
by calculating theAt required to obtain a certain error level (see figure (4.22)). In
general the total error in the numerical method can be written as:

lle]| = c1h® + c2(AL)>. (4.31)

In figure (4.17) the error between the analytical solution and the numenithlod is
shown forAt — 0, thus,

llea=ol| = e1h®. (4.32)

Furthermore, in the previous section it is also shown that the order ofaaycaf the
time integration ) is about 4. Hence, we can write for the total error:
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FIGURE 4.22: A sketch of the calculation of the required time step to obtain a certain
error level.

lell = llea=oll + c2(At)™. (4.33)

The total error for the corresponding time stéyy, can be calculated and then the
constantges, can be derived as:

_ llell = lleat=oll

Finally, the At required for the desired error level can be calculated as

1
. — _ 1
Atrequired = <”€d““"6d||c2 ”%0”) . (4.35)

In figure (4.23) the CPU-time needed to achieve a dimensionlessttimel is
presented. For each method the time step required to obtain a certain egefds lev
used as discussed. It can be concluded for the one-dimension&probnsidered
that the numerical method which is third-order accurate-(2) in space applied on
the coarsest mesh considered is the optimum in means of CPU-time requirements.
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FIGURE 4.23: CPU-time requirements for the methods considered to achieve the
dimensionless time= 1 under certain error level condition.




ACOUSTICRADIATION FROM
VIBRATING WALL SEGMENT

5.1 Introduction

The problem of acoustic radiation from a vibrating wall segment inside amitifi
rectangular duct is considered. The problem has been addres&ddrbf25, 26],

who applied thepG method for a mesh of tetrahedral elements using second-order
(p = 1) spatial accuracy. Blom also derived the analytical solution of the pmable

In this chapter theoG method is applied for a mesh of hexahedral elements first
using second-order spatial accuracy in order to compare the resultsheithethod
applied on a tetrahedral mesh by Blom. Furthermoperefinement study has been
conducted using third- and fourth-order methods.

The vibrating wall problem is not an aeroacoustical problem, becausethestic
source is not of aerodynamic nature. However, the numerical algorittsrblen
developed to be applied for acoustic-wave propagation problems fen giources
of sound. Therefore the vibrating wall problem at hand is well-suiteceafication
problem for the numerical algorithm.

The two main objectives of this chapter are to compare the results obtained for
a hexahedral mesh to the results obtained for a tetrahedral mesh and taredh®
numerical results obtained for a hexahedral mesh for valugspto 3 (fourth-order)
and the analytical solution in order to verify the numerical algorithm.

In section 5.2 the vibrating wall problem is described. A brief descriptiothef
analytical solution of the problem that has been derived by Blom[25, 2@iven
in section 5.3. Numerical results are given in section 5.4 where a compavidon
results obtained for a tetrahedral mesh is also discussed. Furtherntidecaryer-
gence [-refinement) and p-refinement study is presented in section 5.4. In section
5.5 the numerical algorithm is applied by prescribing directly the wall displaneme
instead of prescribing the normal velocity profile and reconstructing thlevilkaa-
tions from that.
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5.2 Problem Description

Consider an infinite rectangular duct of height 1 and widthb, see figure (5.1).
In the middle of the duct a finite part of the duct bottom wall, of lerjths allowed
to vibrate. The origin of the Cartesian coordinate system is in the mid-section of
the duct at one of the lower corners. In the origin we define the ortradganmit
coordinate vectors,, e, ande.. In this study we consider the sound field generated
by this vibrating wall segment inside the infinite duct. It is assumed that thégonob
can be described by the (non-dimensionalized) linearized Euler equations

h=1

FIGURE 5.1: Infinite rectangular duct with vibrating wall segment.

The wall can be described by the position vector(for ¢ > 0) on the moving
surface § = 2l x b):

xs(z,y,t) = ve, +yey +ezs(x,y, t)e,, xe€[=11], yel[0,b], (5.1)

with £ a measure for the amplitude of the wall vibration. The velocity vetids
given by:

U(x,y,2,t) = (M +u)e, + v’ey +w'e,, x€[-1,1], yel0,b], (5.2)

where M is the Mach number. Since the surface is assumed to be impenetrable,
flow may not pass through the wall. This can be imposed by means of the kinematic
condition% = 0, whereF(z,y, z,t) = ezs(x,y,t) — z is the definition of the
moving surface:
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dF oF dxg
<dt> 0 = [at+VF~ dtL_O’
oF
— F - =0. .
[at +V UL 0 (5.3)
With
or 82’3 82'5 azs
T B v =T, 425, e, 4
ETrTE v €5, © +68yey e (5.4)
we obtain:
0z 025 ,025 |
€ +5(M+u)ax +ev oy w S—O, (5.5)

We assume that the amplitud®f the surface displacement is small compared to the
acoustic wave length, the surface dimensiémsdb and the duct height. Based on
these assumptions it is consistent to linearize Eq.(5.5) with respect to the atation
reference surface = 0 (Pierce [88]). This leads to:

0z 0z,

M .
ot " ax>
The perturbation velocity induced by the wall motion is scaled,i.e= w'/e. The
displacement of the surface results in a normal velocity boundary conditiche

linearized Euler equations to be imposed at 0:

w'(x,y,0,t) =¢ < (5.6)

Un(mvyvt) = ¢($7y7t)H(l - ‘x|)7 T € (—O0,00), Y€ [07 b]7 (57)
whith

0z, 0z,

=— =— M .

bla,y.t) = —w(@,y,0.0) = —(Z7 + MG, (5.8)
and wheref] is the Heaviside function.

The non-dimensionalized convected wave equation can be deriveafprabsure

as follows:

D%, D 9 o _, 9 9
ZP gy, =22 - 79 L9 .
Dt? Vir=0, Dt Ot + ox’ v ox? Oy + 022 (5-9)

Taking the inner product of the momentum equation with the unit norpat —e.,
results in the following linearized boundary condition for the pressute-ab:
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op ouy, ou,,
920" gy "My
On the other walls, which are rigid and impenetrable, we apply the hard-ardli-c

tions:

(5.10)

dp op

p
e 4 - = = =0. 5.11
In the following sections we will solve Eq.(5.9) with the boundary conditiongmi
by Eqg.(5.10) and Eq.(5.11).

Plunging wall segment

Let us assume that the displacement of the vibrating wall segment is refa@se
by the following function (see Eq. (5.7)):

Y(t) = sin(wot)e  H(t), (5.12)

whereH is the Heaviside function. In this case the whole vibrating plate< » <
[, 0 <y < b) moves up and down as a rigid plate (see figure (5.1)).
The simulations have been performeddgr= %, [ =5anda = 0.05.

5.3 Analytical Solution

In this section the analytical solution is presented briefly, the reader isadft®
Blom[25, 26] for a detailed description of the solution method.

The analytical solution of the described problem can be written in the following
form:

p(x,y,2,t) = po(z,t) + Y cos(kmz)pg(x, t). (5.13)
k=1

The termp represents a propagating (plane) wave or mode travelling to the right
(in the positiver-direction), with the pressure perturbatigns represents waves af-
fected by reflection, scattering, diffraction etc. Blom[25] did not find etbsolutions

for py, except fort — oc.

5.4 Numerical Results

For the verification of the computational method the numerical results are com-
pared with the analytical solution obtained by Blom [25, 26].
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When the mean flow is absernit/( = 0), the problem is symmetrical with respect to
the planer = 0, which has also been verified numerically. The rectangular domain is
given byz € [0,40],y € [0, Ay] andz € [0, 1], where all lengths are nondimensional
andAy is the size of the element rdirection. The location af,,,... (=40) is chosen
such that the plane wave does not reach the boundary in the time codsi¢ne
simulation. At the end planes of the duct, the characteristic non-reflectimdboy
conditions are applied, while solid-wall boundary conditions are applititkabther
walls except the vibrating wall segment.

The hexahedral mesh is obtained by partitioning the physical domain inttlyequa
sized cubes. The problem is two-dimensional but a three-dimensional dnistho
applied to obtain the numerical results. In order to reduce the computation ftere, a
verifying that there is indeed no effect of the third direction to the numesation,
only one cell is used in the-direction. In order to obtain the tetrahedral mesh,
equally sized cubes are all divided into twelve identical tetrahedrons. Eimglthe
centroid of the cubical basic element as additional point which yields arpgrior
each face of the cube. Dividing the faces in two by a diagonal gives2heqlial
tetrahedrons in total. In this way a reasonably regular tetrahedral melstaised.

The results for the tetrahedral mesh are obtained for a cubical bagidyraesh
consisting 0f200 x 1 x 5 (1000) elements in-, y- and z-directions, respectively.
This results in 12000 tetrahedral elements.

During the computations the results are obtained at the cell centers are} subs
guently as a post-processing the values at all element corner pointsadwated
using the basis functions. The node values are then obtained by aweoaginall
corner points of the cells that are common to more than one element. Additionally
a time history of the perturbation variables is recorded at certain locatiohsi€a-
essarily a node point) throughout the rectangular duct. These locatiersaked
microphongmic) locations.

5.4.1 Comparison with results obtained for tetrahedral meh (wy = %, l=
5, a = 0.05)

The results obtained for the hexahedral mesh are compared with the aalalytic
solution and with the existing results obtained for the tetrahedral mesh by Bdom[2
26]. Figure (5.2) shows the time histories of the pressure perturbatiore atith
locationz = 5.025, y = Ay/2, z = 0.475. It should be kept in mind that the
analytical solution plotted in the figure represents only the propagatingppére
solution (g term, see Eq.(5.13)) while the other effects are neglegigetetms).

Although the result obtained for the hexahedral mesh seems to fit the asalytic
tion better than the result obtained for the tetrahedral mesh, it should beasizgith
again that the analytical solution plotted is not complete. The deviation of thk res
obtained on the much finer (than the hexahedral mesh used) tetrahedrafroma




64 CHAPTERS5. ACOUSTICRADIATION FROM VIBRATING WALL SEGMENT

the analytical solution suggests that the effects neglected in the analytigtbiso
(pr. terms) are not captured in the solution obtained on the hexahedral mesh.

At a location further away from the vibrating wall segment the effect ofrthe
glected terms is negligible. Figure (5.4) shows time histories of the pressuuoe-pe
bations at themic locationz = 20.075, y = Ay/2 andz = 0.475. Now there is
less detail in the signal and the results obtained on both meshes agree whiteeals
deviation from the analytical solutiop() is small.
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FIGURE 5.2: Comparison of the time histories of the pressure pertudretiatz = 5.025,
y=Ay/2, z = 0.475. The order of approximation is = 1, wy = %, l=5,a=0.05

5.4.2 Grid Convergence

The results obtained for the hexahedral mesh suggest that a finer meghired.
In order to determine the mesh that is fine enough a grid convergencetstsitheen
performed using three different hexahedral meshes: onef@ittx 1 x 10, one with
800 x 1 x 20 and the final one with600 x 1 x 40 elements in:-, y- andz-directions,
respectively. Since the analytical solution is not complete, using it as eneke
to calculate the error for the different grids is not possible. Insteadgubke time
histories of the solutions at certainic locations an approximation of the "exact”
solution is calculated whel — 0 by applying an extrapolation of the form:




5.4. NUMERICAL RESULTS 65

A A
ﬂ@z&%&yzégzzﬁﬂiﬂ mmﬂxzam&y:7%z=QM&ﬂ

a(t)h + b(t)h?, (5.14)

for a given time step of the Runge-Kutta time integration scheme. This time step
(At = 0.001) is assumed to be small enough that the solution is time converged on
each grid used. The results on the 3 finest grids are used to compute a(t)
andb(t). It is observed that the magnitudedf) is one order of magnitude smaller
than the magnitude df(t). The time evaluation ai(t) andb(t) are shown in figure
(5.6). After obtaining the approximate "exact” solution the absolute ernoedéch

grid is calculated by using an integral norm like the one introduced in Ecp)HL&

now for the solution as function of time using the solutign= nAt as data where

n =1,2,..,40000. Figure (5.7) shows the absolute error for the three different grids
used. It can be seen that the absolute error decreases slowerithtne size of

an element. Since the method applied is second-order accurate in spageubte
expect to get an accuracy (see figure (5.7)) close to second-oedér’. However,

the solutions used for the present analysis contain errors from the tinmetdiation.

For the three simulations on different meshes the time step has been keggintons
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FIGURE 5.3: A detailed view of the comparison of the time histories ofptessure per-
turbations atr = 5.025, y=Ay/2, z = 0.475. The order of approximation is = 1, wy =
3,1=5,a=0.05
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FIGURE 5.4: Comparison of the time histories of the pressure pertudretiatz = 20.075,
y=Ay/2, z = 0.475. The order of approximationis =1, wy = 5, I =5, a = 0.05.

leading to a different CFL number on each mesh. Although the CFL number is
small enough for the procedure on the finest mesh to be stable the eerto ime
discretization has to be expected to be largest on the finest mesh. To tegly ttle
spatial accuracy of the time-dependent solution the semi-discrete (timergeay
solutions have to be used. This has not been presented for the prasent

In figure (5.8) the results obtained for finer meshes are compared witlesbé# r
obtained for the tetrahedral mesh and the analytical solupgrpért only). The
figure shows that the results obtained for the hexahedral mesh 4XiAglements
(400 x 1 x 10 mesh) is almost identical to the result obtained for the tetrahedral mesh
using12000 elements. It can be concluded that e method applied on hexahedral
elements appears to converge fasteifer 0 than the method applied on tetrahedral
elements. Two detailed views for various time strips are plotted in figures (&) a
(5.10).

Figures (5.11), (5.12) and (5.13) show contour plots for the pregsrtarbation
in the planey = Ay/2 at different dimensionless times, together with plots of
the pressure perturbationiz, Ay/2,0.25,¢;). In all three figures the same plotting
levels for the contours are used. Only pressure levels between -0d0QL @h have
been presented, i.e. every value abpve 0.01 is white (see legend), every value
belowp = —0.01 is black. These small pressure levels are convenient to track the
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(initially) small perturbations related to thg (or p,) term of the analytical solution.

It is noted that the horizontal and vertical coordinate axis used for thegoplot

are not of the same scale. Next to each contour plot there is a figurernghtive
pressure perturbation(z, Ay/2,0.25, t;) obtained for the same dimensionless time

t;. The plotting levels in these figures have been adjusted to capture the minimum
and maximum pressure perturbation in the duct.

Figure (5.11) presents results for dimensionless times0.4, 0.8, 1.2, 1.6, 2.0
and2.4. At these dimensionless times the flow is not (much) effected by reflections
from the top wall of the duct. From> 0 the vibrating wall introduces a perturbation
travelling from the vibrating wall at = 0 to the top wall at: = 1. The perturba-
tion reaches the top wall at = 1 (at and near: = 0) after approximately = 1
dimensionless time units.

Figure (5.12) presents results for dimensionless times3.2, 4.4, 5.2, 6.4, 7.2
and8.0. At these dimensionless times the plane wave ppjsevhich obtains its
pulse shape after = 1, can be observed to move away from the vibrating wall
region.

Figure (5.13) presents results for dimensionless times10.0, 12.0, 16.0, 20.0,

30.0 and40.0. At these dimensionless times the plane wave ppjsEan be observed
to propagate further away irrdirection from the vibrating wall region at the speed of

hex (1,000 elm.)
— — — - tet (12,000 elm.)
——— - analytic (g only)

0.25

0.2

0.15

0.1

0.05

-0.05

-0.1

-0.15

-0.2

\\\\l\\-

- | IR IRNNNANAN RANNENNAN A S
24 25 26 27 28 29 30 31

time

-0.25

FIGURE 5.5: A detailed view of the comparison of the time histories ofpttessure pertur-
bations atr = 20.075, y=Ay/2, z = 0.475. The order of approximation is = 1, wy =
3,1=5,a=0.05.
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FIGURE 5.6: The time evaluation af(¢) (left) and?)(t) (right).
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FIGURE 5.7: Ly-norm of error in time signal of pressure perturbation asdtion of i at
x = 5.025, y = Ay/2, z = 0.475 (solid line) and atr = 20.075, y = Ay/2, z = 0.475
(dashed line). The order of approximationpis= 1.

sound & 1; it only has a velocity component inrdirection). It should be noted that
for the figures for the pressure perturbatigm, Ay/2,0.25, ¢;) the plotting scale for
the pressure perturbation is different in all three figures.
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FIGURE 5.8: Comparison of the time histories of the pressure pertudretiatz = 5.025,
y=Ay/2, z = 0.475 for grid refinement. The order of approximationpis= 1, wg = %, l=
5, a = 0.05, At =1.0-1073.

In between the vibrating wall and the pulse, pressure perturbationsagragating
with the ambient speed of sound as well. However, near the vibrating walktbe-
ity vector of the pressure perturbations have a significant componendiirection,
while just behind the pulse the velocity component-direction has reduced to zero.
This can be seen in figure (5.13) by picking a black or white regionaffor 5) for
t = 10.0 and following it untilt = 40.0. When propagating further away from
the vibrating wall the amplitude of the perturbations decreases (exg@picourse).
With increasing time the amplitude of the pressure perturbations, at adfikech-
tion, increase in amplitude (because of resonance). These presstuatibns form
an anti-symmetric pattern with respect:te= 0.5 in the duct.

5.4.3 p-refinement

Finally, ap-refinement study has been performed. A hexahedral mesh of 1000
(200 x 1 x 5) elements is used for the secomd 1), third (p = 2) and fourth-order
(p = 3) accurate numerical method. The results are compared with the results ob-
tained by the second-order method on the hexahedral mesh of 64800 1 x 40)
elements and on the tetrahedral mesh of 12000 elements as well as the drsadytica
lution (pg part only), see figure (5.14). A closer inspection of the solutions levea
that a fourth-order method on a mesh of 1000 elements gives resultdeseyta the
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results obtained using a second-order method on a mesh of 64000 elehetirig.
that the time required to advance the numerical solution one time step for tlie-four
order method on 1000 elements is about 17 times less (see table (5.1)) thla@ for
second-order method on 64000 elements, it is a considerable gain in tecomaod-
tational time. Detailed views for various time strips are plotted in figures (5.1b) an
(5.16).

The simulations have been performed on SGI Origin200 MIPS RISC R12000
processor with a clock speed of 270 MHz. The time required to advancsothe
lution one time step is shown in table (5.1).
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FIGURE 5.9: A detailed view of the comparison of the time histories ofifessure pertur-
bations atr = 5.025, y=Ay/2, z = 0.475 for grid refinement. The order of approximation
isp=1,wy=13%,l=5a=005 At=10-1075.
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FIGURE 5.10: A detailed view of the comparison of the time histories optiessure pertur-
bations atr = 5.025, y=Ay/2, z = 0.475 for grid refinement. The order of approximation

isp=1,wo=1%,1=5,a=0.05 At=10-10"%.

number of elements order of accuracy(+ 1) | CPU time per time step (seconds)
1000 2 0.42
1000 3 0.76
1000 4 1.59
4000 2 1.68
9000 2 3.87
16000 2 6.87
64000 2 27.63

TABLE 5.1: The time required for the numerical simulations on the hexahedral mesh.
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FIGURE 5.11: Vibrating wall segment: € [0,5]. Left: Contour plots for the pressure
perturbation in the plane\y/2 for t = 0.4 t0 24. (wo = g‘, [ = 5,a = 0.05). Right:
Pressure perturbation foAy/2 and z = 0.25. Note the large difference in plotting scales
for the pressureAz = Ay = Az = 0.025, At = 1.0- 1073,
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FIGURE 5.12: Vibrating wall segment: € [0,5]. Left: Contour plots for the pressure
perturbation in the plane\y/2 for ¢ = 3.2 10 8.0. (wg = %, [ = 5,a = 0.05). Right:
Pressure perturbation foAy/2 and z = 0.25. Note the large difference in plotting scales
for the pressureAz = Ay = Az = 0.025, At = 1.0- 1073,
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FIGURE 5.13: Vibrating wall segment: € [0,5]. Left: Contour plots for the pressure
perturbation in the plane\y/2 for ¢ = 10.0 t0 40.0. (wo = %, [ = 5,a = 0.05). Right:
Pressure perturbation foAy/2 and z = 0.25. Note the large difference in plotting scales
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FIGURE 5.14: Comparison of the time histories of the pressure pertudratiatz = 5.025,
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FIGURE 5.16: A detailed view of the comparison of the time histories optlessure pertur-
bations atr = 5.025, y=Ay/2, z = 0.475 for p refinementw, = %, l=5,a=0.05 At =
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5.5 Velocity Boundary Condition

5.5.1 Introduction

In the solution presented in the previous sections of this chapter the naloaity
profile ¢)(x, y, t) is described and the wall displacementz, y, t) is reconstructed.
In certain cases prescribing the velocity profile might lead to non-realisticdvga
placements or it might not be possible to obtain the actual wall displacementivitho
using numerical quadrature. Hence, itis more logical to choose the walhdement
zs(z,y,t) and derive the normal velocity profite(x, y, t) from it.

In this section the problem described in section 5.2 has been solved lyilpres
ing the wall displacement;(x, y, t) instead of the normal velocity profile(z, y, t).
Note that, prescribing the wall displacementz, y,t) as it is derived from the ve-
locity profile ¢(z, y, t) in the previous sections will result in identical results. Thus,
the aim of this section is to choose a wall displacement, v, t) and perform the
simulations accordingly.

5.5.2 Numerical Results

Let us now consider the following wall displacement:

zs(x,y,t) = cos(xnx)sin(wot)H (). (5.15)

The normal velocity profile)(z, y, t) can be derived from the wall displacement as
follows:

0z 0z
inserting equation Eq. (5.15) into Eqg. (5.16) leads in to the normal velocityigpro

Y(x,y,t) of the following form:

W(x,y,t) = wy cos(xnx) sin(wot) — M xp, sin(xp ) sin(wot) (5.17)

together withwy = 1, x,, = % and the length of the vibrating part of the wall
[ = 1. The simulations are performed on a hexahedral mesh with 400x1x5 elements
in x—, y— andz—directions respectively for a computational domain which is given
by z € [-40,40], y € [0,Ay] andz € [0,1]. The results are obtained for the case
without mean flow {/ = 0.0) as well as with the mean flow fat/ = 0.1 and
0.2 where the mean flow velocity vector, expressed as Mach-number comtgpise
given by (2,0,0)7T.

Figure (5.17) presents the comparison of the time histories of the presstue p
bations atr = 20.075, y = Ay/2 andz = 0.475 for M = 0.0, 0.1 and0.2. Itis
clear that with increased mean flow velocity, the signal from the vibrating wall
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FIGURE5.17: Comparison of the time histories of the pressure pertudretiatr = 20.075,
y=Ay/2, z = 0.475 for M = 0.0, 0.1 and0.2 for the case of prescribed wall displacement
zs.wo=1,1=1,a=0.0,Az =Ay=Az=0.2, At =1.0-10-3.

reaches the microphone earlier, as expected. It is also observeditiidt £ 0 the
amplitude has decreased while the observed frequency of the sigsatoioeshange.

Figure (5.18) presents the comparison of the time histories of the presstume p
bations atr = —20.075, y = Ay/2 andz = 0.525 for M = 0.0, 0.1 and0.2. As
expected, at a microphone location at a certain upstream distance froibtang
wall, the signal is observed later than in the cAse= 0. From the figure it is further-
more observed that fa¥/ > 0 the measured pressure amplitude is larger upstream
than forM = 0. The observed frequency of the signal, again, is not changed.
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FIGURE 5.18: Comparison of the time histories of the pressure pertudretiatz =
—20.075, y=Ay/2, z = 0.525 for M = 0.0, 0.1 and 0.2 for the case of prescribed wall
displacement,. wg =1,1=1,a =0.0,Ax = Ay = Az =0.2, At = 1.0- 10-3.
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Pressure perturbation foAy/2 and z = 0.25. Note the large difference in plotting scales
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FIGURE 5.21: Vibrating wall segment € [—5,5]. Left: Contour plots for the pressure
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Pressure perturbation foAy/2 and z = 0.25. Note the large difference in plotting scales
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EFFECTS OFGRID DISTORTION

6.1 Introduction

Throughout this thesis hexahedral elements are used in the numerigé&hatgaevith
the shape of the elements restricted to parallelepipeds, for the sake oifigtalm-
ear transformation from physical to the computational coordinates. Itas ttiat for
solution domains with complex geometries we have to resort to more geneadldiex
dral elements and the approach of a linear(ized) transformation will beduiade, or
rather constitutes an approximation. In this chapter the effect of nallgapiped
elements, i.e. of grid distortion is investigated considering two cases. In #te fir
case the grid is skewed at a certain angle while keeping the shape of theneleme
as parallelepiped and in the second case the grid is randomly distorted, galadin
restriction to parallelepiped elements. In the skewed mesh case badttiléveand
theoutflowboundaries of the domain are also skewed while in the randomly distorted
mesh the domain boundaries are retained/@sflanes.

In the context of this chapter the problem considered in the precedingerhat
the vibrating wall segment is re-visited since it is advantageous to congidebiem
for which the results are similar and can be used as a guide line. Also thiemrob
considered is 2D which allows us to investigate the effects of grid distortior mor
clearly.

Note that the present duct configuration is different from the one ipteh& in
that of the duct is shorter, i.e: € [0, 10] rather thanz € [0, 40], which saves com-
puting time, and we wish to consider the near-field wave pattern. Furtherthere
length of the vibrating wall segment has now been chosen@$0, 2.5] rather than
x € [0, 5], in order to capture the near-field within the domain considered. The plane
x = 0 is a plane of symmetry for the configuration, but as in chapter 5 whenever
appropriate, we consider the whole configuration,d.e [—10, 10]. In all cases we
takewy = % anda = 0.05. In the following sections the effect of grid distortion is
analyzed for the two types of grid distortion considered and the numeeisalts are
discussed.
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dx
—~—=tan
dz “

FIGURE 6.1: Skewed mesh fer = 10 deg.

6.2 Skewed Mesh

In this section the effect of a skewed grid is analyzed. In the skeweagsiel the
elements are restricted to parallelepipeds as in the previous chapteracéhef the
solution domain that coincide with the— z plane are skewed at a certain anglé ”
and then partitioned into equally sized cells with opposite faces that are parake
mesh is shown in figure (6.1). In total three angles are considered namelf.5,
a =5 anda = 10 deg.

6.2.1 Numerical Results

The simulations have been performed for a quiescent backgrdune: (0). For
the skewed mesh case the problem cannot be assumed geometrically synhmetrica
with respect to the: = 0 plane, thus the whole domain is considered. The paral-
lelepiped domain is given by € [—10 + ztana, 10 + ztanal, y € [0, Ay] and
z € [0,1], where all lengths are non-dimensional ahg is the size of the element
in y-direction. At the end planes of the duct, the characteristic non-refleatingd-
ary conditions are applied, while solid-wall boundary conditions are appli¢he
other walls except the vibrating wall segment. The location,f,(= 10) is chosen
such that the plane wave does not reach the boundary in the time codsiu¢ne
simulation. The hexahedral mesh is obtained as explained above. THerprish
two-dimensional but the method for three-dimensional wave-propagatadiems
is applied to obtain the numerical results.

During the computations the solution obtained at the cell centers and sebsigqu
as a post-processing the values at all element corner points are edalsatg the
basis functions. The node values are then obtained by averagindlm@anar points
of the cells that are common to more than one element. Additionally a time history
of the perturbation variables is recorded at certain locations (not setdlgsa node
point or a centroid) throughout the rectangular duct. These locatiensatiedmi-
crophondocations. The solution at the microphone location is obtained directly from
the solution using the base functions.

In the preceding chapter the need for a grid refinement study has yalbeanh
discussed. In the light of that discussion a similar grid convergence stualgo
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performed here using three different hexahedral meshes: one2@itkx 1 x 10,
one with400 x 1 x 20 and the final one witl800 x 1 x 40 elements inz-, y- and
z-directions, respectively.

The upper part of figures (6.2) and (6.3) shows the time histories of desire
perturbation for the skewness angle= 2.5 deg, recorded atx( = 3.0125, y =
Ay/2, z = 0.0125) and @ = 9.0125, y = Ay/2, z = 0.0125), respectively, while
the lower part shows a detailed view. These microphone positions arerciash
that they are at the centroid of an element of the finest mesh and awaythieom
edges of the elements of the coarser meshes. In figures (6.2) ande@uR% of the
method for various mesh sizes are compared with the solution obtained onetste fin
cartesian meshn( = 0) at the same microphone positions. The results show that a
grid distortion ofa = 2.5 deg skewness angle does not affect the solution very much.
These time histories of the pressure perturbations at a location close to itatnghb
segment, i.e. figure (6.2), clearly show the wave originating from the oscillato
segment and the wave reflected from the top wall. At the location furthey frosn
the vibrating segment the wave is almost one-dimensional.

Similar plots are shown for the grid distortion skewness angte 5 and10 deg
in figures (6.4) to (6.7). These results indicate that the solution is affectaevghat
more for larger values aof, but remains fairly limited for the degree of distortion
considered.

In figures (6.8) and (6.9) the time histories of the pressure perturbatidotieg
showing a comparison between the results for various values of the grigtidis
angle for the finest mesh at= 3.0125 andx = 9.0125, respectively. If the solution
for o = 0 (undistorted case) is taken as a reference then it can be concludedhérat
increasing the grid distortion angle the deviation from the undistorted casages
gradually.

In the left parts of figures (6.10, 6.11 and 6.12) contour plots for thespre per-
turbation in the plang = Ay/2 for ¢t = 0.4 to 7.2 are shown while in the right parts
the pressure perturbations along the (horizontal)dire Ay/2, = = 0.25 as well as
along the (vertical) linec = 0, y = Ay/2 are plotted. This data is for the mesh with
800 x 1 x 40 elements int—, y— andz—directions, respectively. These plots show
a similar wave pattern as found in chapter 5 for the longer vibrating wall segme
Above, as well as close to the vibrating wall segment, a relatively complexipatte
develops, while away from this segment plane waves evolve.
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FIGURE 6.2: Vibrating wall segment: € [—2.5,2.5], wy = 3,1 = 2.5, a = 0.05. Compar-
ison of the time histories of at (z = 3.0125 , y = Ay/2, z = 0.0125) for various mesh
sizes forw = 2.5 deg. (top). Detailed view (bottom). The order of approxiorais p = 3.
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FIGURE 6.3: Vibrating wall segment: € [—2.5,2.5], wy = 3, | = 2.5, a = 0.05. Compar-
ison of the time histories of at (zx = 9.0125, y = Ay/2, z = 0.0125) for various mesh
sizes fore = 2.5 deg. (top). Detailed view (bottom). The order of approxiorats p = 3.
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FIGURE 6.4: Vibrating wall segment: € [—2.5,2.5], wy = 3,1 = 2.5, a = 0.05. Compar-
ison of the time histories of at (z = 3.0125 , y = Ay/2, z = 0.0125) for various mesh
sizes for = 5 deg. (top). Detailed view (bottom). The order of approxiomaisp = 3.
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FIGURE 6.5: Vibrating wall segment: € [—2.5,2.5], wy = 3, [ = 2.5, a = 0.05. Compar-
ison of the time histories of at (x = 9.0125, y = Ay/2, z = 0.0125) for various mesh
sizes fore = 5 deg. (top). Detailed view (bottom). The order of approxioraisp = 3.
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FIGURE 6.6: Vibrating wall segment: € [—2.5,2.5], wy = 3,1 = 2.5, a = 0.05. Compar-
ison of the time histories of at (z = 3.0125 , y = Ay/2, z = 0.0125) for various mesh
sizes for = 10 deg. (top). Detailed view (bottom). The order of approxiorats p = 3.
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FIGURE 6.7: Vibrating wall segment € [—2.5,2.5], wy = 3, [ = 2.5, a = 0.05. Compar-
ison of the time histories of at (x = 9.0125, y = Ay/2, z = 0.0125) for various mesh
sizes fore = 10 deg. (top). Detailed view (bottom). The order of approxioraisp = 3.
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FIGURE 6.8: Vibrating wall segment: € [—2.5,2.5], wy = 3, = 2.5, a = 0.05. Com-
parison of the time histories ¢f at (x = 3.0125 , y = Ay/2, z = 0.0125) for 800x1x40
mesh for various values of grid distortion angie (top). Detailed view (bottom). The order
of approximation ig = 3.
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FIGURE 6.9: Vibrating wall segment: € [-2.5,2.5], wg = 3, [ = 2.5, a = 0.05. Com-
parison of the time histories of at (x = 9.0125 , y = Ay/2, 2 = 0.0125) for 800x1x40
mesh for various values of grid distortion angie (left). Detailed view (right). The order of
approximation i = 3.
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=04 t=04

FIGURE 6.10: Vibrating wall segment € [—2.5,2.5], wy = 3,1 = 2.5, a = 0.05, = 10
deg. Left: Contour plots for the pressure perturbation ie laney = Ay/2 for¢t = 0.4
to 2.4. Middle: Pressure perturbation along ling/ (= Ay/2, z = 0.25). Right: Pressure
perturbation along line{ = 0, y = Ay/2). Ax = Ay = Az = 0.025, At = 1.0 - 1073,
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FIGURE 6.11: Vibrating wall segment € [—2.5,2.5], wy = 3,1 = 2.5, a = 0.05, & = 10
deg. Left: Contour plots for the pressure perturbation ie flaney = Ay/2 fort = 2.8
to 4.8. Middle: Pressure perturbation along ling/ (= Ay/2, z = 0.25). Right: Pressure
perturbation along line{ = 0, y = Ay/2). Ax = Ay = Az = 0.025, At = 1.0 - 1073,
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FIGURE 6.12: Vibrating wall segment € [—2.5,2.5], wo = 3,1 = 2.5, a = 0.05, o = 10
deg. Left: Contour plots for the pressure perturbation ie fhlaney = Ay/2 for ¢ = 5.2
to 7.2. Middle: Pressure perturbation along ling/ (= Ay/2, z = 0.25). Right: Pressure
perturbation along line{ = 0, y = Ay/2). Ax = Ay = Az = 0.025, At = 1.0 - 1073,
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6.2.2 Accuracy

In the preceding section the effect of the skewness amggeshown in terms of
details of the perturbation pressure field. The following analysis is cdaduo
assess the effect of the grid distortion parameter in ternis @forms of differences
between the time histories at two microphone locations. For each ap@te0), a1,

o and as and for each mesh size, hy and hs, with by the coarsest anfl; the
finest mesh, we have signgl(¢; h;, ), i.e. there are 12 signals in total for each
microphone position considered. Taking the result of the simulatiohfpry = 0

as a reference solution the differencerfor”) with respect to this solution can be
calculated for each angle and mesh size considered, as follows:

T
1
lls = | 7 [ W/ (thiag) = p(th=hea =0}t (61)
0

The integral in Eq. (6.1) is approximated by Gaussian quadratuéeor < T = 10
using a fixedAt of 1.0 x 1073,

The upper part of figure (6.13) shows the error as function of théeandpr the
mesh sizes considered for the order of accugacy 1 and the lower part for the
order of accuracy = 3. Itis clear from these figures that therfor” decreases with
increasing order of accuracy as expected. It can be concludebttestch order, for
each mesh considered, the difference increases with increasing gadidis The
order of magnitude of the effect of grid distortion, for small grid distortjos®f the
same order of magnitude as the difference between solutions for diffaesi sizes.
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FIGURE 6.13: Results for vibrating wall segmente [—2.5,2.5], wy = 3,1 = 2.5, a =
0.05. Lo-norm of difference of time history of pressure perturbatwith that of reference
solution as function of grid distortion angles for variousdgsizes at location£ = 3.0125,
y = Ay/2, z = 0.0125). Order of approximation ip = 1 (top),p = 3 (bottom).
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6.3 Randomly Distorted Mesh

In this section the effect of a randomly distorted grid is analyzed. In theoraty
distorted grid case the elements are not restricted to parallelepipeds, viffiich d
from the case considered in the preceding section. The hexahedeairtgsh is ob-
tained by partitioning the physical domain into equally sized cubes. The bade me
is shown in the left hand side of figure (6.14).

FIGURE 6.14: Randomly distorted mesh generation.

For each grid point that does not coincide with the boundary an afglarid a
radius r” are chosen randomly and the new coordinate of the grid point is calculated
with the distortion(Az, Ay)” = r(cosf, sinf)”. The values of- are limited t02.5,
5and10% of the length of the cell edge, here referred as the distortion paranaéter ”
The right hand side of figure (6.14) shows the distorted grid after ddegpgint has
been processed. Figure (6.15) shows the distorted grid generattt fdistortion
parameterd = 2.5 andd = 10, respectively.

/

-
Seass

| I [

FIGURE 6.15: Randomly generated mesh distortion for distortion pararset=2.5 (left)
and d=10 (right).

As can be seen from the figures the grid generated in this way is 2D. Reatethe
numerical algorithm used to solve the linearized Euler equations solvesablempr
in 3D. To keep the 2D nature of the problem the grid generated in 2D is copibd
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third direction while, as before, one cell used in that direction.

6.3.1 Numerical Results

The simulations are performed for a quiescent backgroddd=£ 0). For the
randomly distorted mesh case the mesh is assumed to be symmetrical with respect to
the planer = 0. The rectangular domain is given bye [0,10], y € [0, Ay] and
z € [0, 1], where all lengths are non-dimensional akgdlis the size of the element in
y-direction. At the end planes of the duct, the characteristic non-refleatingdary
conditions are applied, while solid-wall boundary conditions are applidueadther
walls except on the vibrating wall segment. The locatiorrgf,.(= 10) is chosen
such that the plane wave does not reach the boundary in the time codsiud¢ne
simulation.

During the computations the solution is obtained at the cell centers and subse-
quently as a post-processing the values at all element corner pointsauated
using the basis functions. The node values are then obtained by aveoaginall
corner points of the cells that are common to more than one element. Additionally
a time history of the perturbation variables is recorded at certain locatiohs¢a-
essarily a node point) in the rectangular duct. These locations are na@ttezphone
locations.

In the preceding chapter the need for a grid refinement study has albesa
discussed. In the light of that discussion a similar grid convergence siualgo
performed here using three different hexahedral meshes: onel@itkx 1 x 10,
one with200 x 1 x 20 and the final one witd00 x 1 x 40 elements inc-, y- and
z-directions, respectively.

The upper parts of figures (6.16) and (6.17) show the time histories ofélssyre
perturbation for a distortion parametér= 2.5 recorded at4 = 3.0125, y = %Ay,
z=0.5125)and ¢ = 9.0125, y = %Ay, z = 0.5125), respectively, while the lower
parts show a detailed view.

A similar plot is shown for the distortion parameters- 5 and10 in figures (6.18)
to (6.21).

In figures (6.22) and (6.23), the time histories of the pressure pertunbsfxotted
showing a comparison between the various values of the distortion pardoretes
finest mesh at( = 3.0125, y = Ay, z = 0.5125) and ¢ = 9.0125, y = 1Ay, 2 =
0.5125), respectively. If the solution for the distortion parametet 0 (undistorted
case) is taken as a reference then it can be concluded that increasidigttirtion
parameter the deviation from the undistorted case increases.

In the left parts of figures (6.24, 6.25 and 6.26) contour plots for thespre
perturbation in the plang = Ay/2 for ¢ = 0.4 to 7.2 are shown, while in the
right parts the pressure perturbation along the line=(Ay/2, z = 0.25), and the
line (x = 0, y = Ay/2) are plotted. This data is for the mesh with0 x 1 x 40
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FIGURE 6.16: Vibrating wall segment € [0, 2.5], wy = %, [ =2.5,a=0.05. Comparison
of the time histories g’ at (z = 3.0125, y = Ay/2, z = 0.5125) for various mesh sizes for
d = 2.5. (top). Detailed view (bottom). The order of approximatisp = 3.

elements inc—, y— andz—directions, respectively. Comparison of these results with
the corresponding results for the skewed mesh show that, judging fraa thets,
the differences are small.

However, in the results for the randomly distorted mesh small-amplitude wiggles
are present in the time-history of the pressure perturbation, figures {6.23), as
well as in the snapshots of the pressure perturbation, figures (6.28)- &@ures
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FIGURE 6.17: Vibrating wall segment € [0, 2.5], wy = %, [ =2.5,a =0.05. Comparison
of the time histories gf’ at (x = 9.0125 , y = Ay/2, z = 0.5125) for various mesh sizes for
d = 2.5. (top). Detailed view (bottom). The order of approximatisp = 3.

(6.16) to (6.23) indicate that the amplitude increases with increasing value digth
tortion parametetl. The snapshots in figures (6.24) to (6.26) are for the largest value
of d considered, i.ed = 10. The wavelength of the wiggles appears to correspond
with the element siz&\z(= Ay = Az). For example in the bottom figure of figure
(6.20), ford = 10, the element size of the finest mess = 1/40 = 0.025, the
wavelength of the small disturbance on the time history is ahout 2cAx = 0.05.
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FIGURE 6.18: Vibrating wall segment € [0, 2.5], wy = %, [ =2.5,a=0.05. Comparison
of the time histories gf’ at (x = 3.0125, y = Ay/2, z = 0.5125) for various mesh sizes for
d = 5. (top). Detailed view (bottom). The order of approximatisp = 3.

For the snapshot, e.g. figure (6.24), right figure, suggests a wagthleh. = 0.1,
twice the wavelength in longitudinal direction, which will be due to the boundary
conditions at the duct walls.
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FIGURE 6.19: Vibrating wall segment € [0,2.5], wo = 3,1 = 2.5, a = 0.05. Comparison
of the time histories of’ at (z = 9.0125 , y = Ay/2, z = 0.5125) for various mesh sizes for
d = 5. (top). Detailed view (bottom). The order of approximatisp = 3.
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FIGURE 6.20: Vibrating wall segment € [0,2.5], wy = 3,1 = 2.5, a = 0.05. Comparison
of the time histories gf’ at (x = 3.0125, y = Ay/2, z = 0.5125) for various mesh sizes for
d = 10. (top). Detailed view (bottom). The order of approximatisp = 3.
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FIGURE 6.21: Vibrating wall segment € [0,2.5], wo = 3,1 = 2.5, a = 0.05. Comparison
of the time histories of’ at (zx = 9.0125 , y = Ay/2, z = 0.5125) for various mesh sizes for
d = 10. (top). Detailed view (bottom). The order of approximatisp = 3.
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FIGURE 6.22: Vibrating wall segment € [0, 2.5], wy = %, [ =2.5,a=0.05. Comparison
of the time histories of’ at (x = 3.0125, y = Ay/2, z = 0.0125) for 400x1x40 mesh for
various values of grid distortion parameteds(top). Detailed view (bottom). The order of
approximation i = 3.
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FIGURE 6.23: Vibrating wall segment € [0, 2.5], wy = %, [ =2.5,a=0.05. Comparison
of the time histories of’ at (x = 9.0125 , y = Ay/2, z = 0.0125) for 400x1x40 mesh for
various values of grid distortion parameteds(top). Detailed view (bottom). The order of
approximation i = 3.




6.3. RANDOMLY DISTORTEDMESH 109

=04 t=0.4

=08

=12
ap t=12

t=12

x

t=20

FIGURE 6.24: Vibrating wall segment: € [—2.5,2.5], wy = 3, | = 2.5, a = 0.05, d=10.
Left: Contour plots for the pressure perturbation in themday = Ay/2 fort = 0.4 to
2.4. Middle: Pressure perturbation along ling/ (= Ay/2, z = 0.25). Right: Pressure
perturbation along line = 0.0, y = Ay/2). Ax = Ay = Az = 0.025, At = 1.0- 1073,
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FIGURE 6.25: Vibrating wall segment: € [—2.5,2.5], wy = 3, | = 2.5, a = 0.05, d=10.
Left: Contour plots for the pressure perturbation in themday = Ay/2 fort = 2.8 to
4.8. Middle: Pressure perturbation along ling/ (= Ay/2, z = 0.25). Right: Pressure
perturbation along line{ = 0.0, y = Ay/2). Ax = Ay = Az = 0.025, At = 1.0- 1073,
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FIGURE 6.26: Vibrating wall segment: € [—2.5,2.5], wy = 3, | = 2.5, a = 0.05, d=10.
Left: Contour plots for the pressure perturbation in themday = Ay/2 fort = 5.2 to
7.2. Middle: Pressure perturbation along ling/ (= Ay/2, = = 0.25). Right: Pressure
perturbation along line = 0.0, y = Ay/2). Ax = Ay = Az = 0.025, At = 1.0- 1073,
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6.3.2 Accuracy

As in the preceding section the effect of the distortion parameétsrconsidered
here in terms of thd.5-norms of the differences in the time history at a microphone
position. For each value of the distortion paramekg(=0), d1, d> andds and for
each mesh siz&,, ho and hs we have a signal as function of time, i.e. there are
12 signals in total. Taking the result of the simulation /gt d = 0 as a reference
solution the dependency of the difference with respect to distortion péeasen be
calculated for each distortion parameter and mesh size considered, asfollo

T
1
lls = | 7 [ P/t hid) = p b =hado =0}t (62)
0

The integral is approximated using Gaussian quadratuie for < 7" = 10 using
afixedAt of 1.0 x 1073, The present implementation of the method is restricted to
meshes with parallelepiped elements since the the transformation of the elements in
the physical space to the unit element in computational space is obtained kg lin
approximation. This implies that the present mapping is exact for paralleteplpe
ments and approximate for more general elements. Using a randomly distogkd me
the restriction of using parallelepiped elements only is violated. In this case ¢fae lin
approximation no longer holds and the truncation error due to the linear ngaggin
play a dominant role. Thé&,-norm of the difference for each value of the mesh size
as a function of distortion parametéfor order of approximatiop = 1 is shown in
the upper part of figure (6.27) and for order of approximatiea 3 it is shown in the
lower part. One may expect that with increasing order of approximatioméisant
decrease in the error for a given mesh sizeand distortion parametetas shown
in chapter 4 of this thesis. From the comparison of upper and lower pafitpuoé
(6.27) it is clear that for higher values dfthere is no significant decrease in error
with increasing order of approximation. This is because the truncation @umto
the linear mapping plays a dominant role in case of meshes with non-paraléepip
elements.
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FIGURE 6.27: Results for vibrating wall segment € [0,2.5], wop = 3, = 2.5, a =
0.05. Lo-norm of difference of pressure perturbation with referesolution as function of
distortion parameters for various grid sizes at location=€ 3.0125, y = Ay/2, z = 0.0125)
for order of approximations p=1 (top) and p=3 (bottom).
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PLATE WITH SLIT INSIDE
INFINITE DUCT

7.1 Introduction

Acoustic liners are used in walls of exhaust systems of combustion engidgsta
engine in- and outlets to reduce noise radiation. The liners consist of \gvéoas
layers of perforated plate backed with a honeycomb structure. It sheuidted that
when a liner is used the acoustic damping is nonlinear since it involves vdreek s
ding or turbulence generation in response to the incident sound, bytiesentation
as an impedance boundary condition is linear.

In this chapter the DG method is applied to a generic acoustic liner problem. The
configuration consists of a flat plate with a single orifice (slit) positioned ingide
duct. The numerical results are compared to the analytical solution obtaintdsf
configuration by Kooijman et al.[64].

The problem is prescribed in section 7.2. In section 7.3 a brief descriptithe o
analytical solution is given. The numerical results obtained for a quied@ak-
ground and the comparison of numerical results with the analytical solutioprar
sented in section 7.4. In section 7.5 the duct modes are presented. Thecalme
dispersion of the method is demonstrated in section 7.6. Finally in section 7.7 the
numerical results are presented for the solution obtained with the bacidflmuv
and the comparison to the solution obtained for a quiescent background.

7.2 Problem Description

As a validation case the method is applied to a problem in which an infinitely long
duct is split up longitudinally by a plate into two ducts. The plate has a traresskit;s
referred to as an aperture here, which forms a connection betweendfgatig of
the duct. The configuration is depicted in figure (7.1). The non-dimenshaight
of the two parts of the duct is identical, i.é./2, whereh = (w/c)h'. Herew is
the radian frequency of soundthe speed of sound arid a height with dimension.
The non-dimensional width of the apertureis= 2(w/c)s , with 5" a length with a
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dimension. In the computation the non-dimensional length of the duct is taken to b
equal to2L = 2(w/c)L’, with L a length with dimension.

The configuration is symmetric with respect to the vertical plane L, i.e. the
plane passing through the middle of the aperture. The complete geometry iis 3plit
regions. An incoming wave is introduced at the open boundaries of régregion 1
is in the lower part of the duct, opposite to region 2. Region 3 is the apedgi@n.
The time histories of the perturbations on the mean flow variables are relcatde
microphonesn vertical arrays at various locations in the duct.

We choosel to be equal toL. = 3 andh equal toh = 2. When the mean
flow is absent {4/ = 0), the flow problem is symmetrical with respect to the plane
x = L = 3,i.e. inthat case it is sufficient to consider the left half of the configuration
only. It has also been verified that indeed for the no-flow case the meathsolution
is symmetric with respect to the plane= L when computing the solution in the
whole configuration.

The rectangular domain is now given bye [0,3], y € [0,Ay] andz € [0,2],
where all lengths are non-dimensional akglis the size of the element irdirection.
The aperture has a half-width ef= 0.125. At the end planes of the duct, the char-
acteristic non-reflecting boundary conditions are applied, while solidtveaihdary
conditions are applied on the other walls.

For the present diffraction problem a sine wave is introduced as an ingamave
from the open boundary of region 2, i.e. both from the left and from igpat.r At
the open boundary at the left the Riemann invariant corresponding tagtiterun-
ning characteristicRy(0,y, z,t) = pocou (0,y,2,t) + p (0,y, z,t), is prescribed
as Asinwt, while the Riemann invariant corresponding to the left running charac-
teristic, R2(0,y, z,t) = pocor (0,y,2,t) — p (0,,2,t) = 0. At the right open
boundary we requirg?; (2L, y, z,t) = pocou (0, z,t) + p (0, z,t) = 0 while
Ro(2L,y, z,t) = pocou (0,y,z,t) — p (0,y, z,t) is prescribed asisinwt. Vari-
ous frequencies are chosen, above as well as below the cut-afefieg of the duct
which isw. = 7. Microphones are located in four vertical arrays close to the left end
of region 1 and region 2(= 0.5, y = Ay/2, z € [0, 1] andz € [1, 2], respectively)
and close to the aperture & 2.5,y = Ay/2, z € [0, 1] andz € [1, 2], respectively).
Each array of microphones consists of 40 microphones (a total of 16@phianes
in 2 regions).

7.3 Analytic Solution

The analytical solution is performed by Kooijman et al.[64] using a modalrexpa
sion of the pressure field in the three regions 1, 2 and 3 (see figurg @ylmatching
the pressure and velocity at the interfaces between regions 1 and Betaveken re-
gions 2 and 3, a scattering matrix for the left boundary of region 3 is olataifieis
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FIGURE 7.1: Infinite plate with slit in duct.

matrix relates the amplitudes of the outgoing mogesp; , p3 to the amplitudes of
the incoming modes;, p5, p5 . By using these amplitudes reflection and transmis-
sion coefficients of the plane waves are calculated.

7.4 Numerical Results

For the verification of the computational method the numerical results are com-
pared with the analytical solution.

The hexahedral mesh is obtained by partitioning the physical domain intéiyequa
sized cubes. The problem is two-dimensional but the method for three-sionah
wave-propagation problems is applied to obtain the numerical results. én torde-
duce the computation time, after verifying that there is no effect of the thietttbn
in the numerical solution, only one cell is used in thdirection. A detailed (not-
equally scaled in: andz-directions) view of the hexahedral mesh around the aperture
is included in figure (7.2).

During the computations the results are obtained in the cell centers and subse
quently, as a post-processing, the values in all nodes are evaluatgdthesibasis
functions. The node values are averaged when the node points are odmmore
than one element. The time history of the perturbation variables is recordied at
160 microphones in the four microphone arrays defined in figure (7.1).

Figure (7.3) presents fay = %wc, which is below the cut-off frequency, the time
evolution of the pressure and velocity perturbation recorded at the &y koca-
tions close to the left boundary. Shown are the array-averaged sightis 40
microphones, e.g.

40

— Ay 1 . Ay
)= =2 2t 7.1
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FIGURE 7.2: The complete (coarsest) mesh (top). A close up of the (fimestf) around the
aperture (bottom).

with (z, %, z;) the position of the-th microphone within an array. Time is made
dimensionless by’ /¢, with ¢ the speed of sound ard the dimensional duct height.
The array-averaging is done in order to filter out the plane-wave coempef the
acoustic field. When we have a closer look at the upper part of figuBewe observe
that the wave reaches the array of microphones located at (0.5, y = Ay/2,

z € [1,2]) with a delay time (at = 0.5, with the non-dimensional speed of sound
¢ = 1) as expected. Furthermore, at dimensionless time 5.5 the effect of the
incoming wave that originates from the right boundary of region 2 careee.sThis
effect is a slight modulation of the wave in terms of theand ar/2 phase shift
plus amplitude increase faf. The lower part of figure (7.3) shows the pressure and
velocity perturbations recorded at and averaged over the microph@aygraregion 1

(r = 0.5,y = Ay/2, z € [0,1]). The wave arrives at this arrayfat 5.5. The array-
averaged perturbation velocity shows an inverted sine wave moving to the left,
with the same frequency as the incoming wave, but with about half the amplitude.
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The array-averaged perturbation presstieas the same reduced amplitude and has
a phase shift ofr with respect to the velocity wave.

The time evolution of the pressure and velocity perturbations for the fregue
w= %wc (which is above the cut-off frequenay. = x) is shown in figure (7.4) for
the same two arrays.

It is seen that in region 2 the interaction of the incomingvave and the:" wave
reflected from the plane of symmetry now results in an increase of the ampiyude
50%. In region 1 the amplitude of the transmitted wave is abigut of that of the
incoming wave.

Figure (7.5) shows the comparison between the time histories of the aeeggad
pressure (top) and velocity (bottom) perturbations for two frequenciedelow and
one above the cut-off frequency. = 7 This shows the differences in the interaction
patterns.

Figure (7.6) shows the comparison between the time histories of the areggad
pressure (top) and velocity (bottom) perturbations for three microphiaribe array
in region 2 for frequency = %wc. We observe that upon interaction with the wave
from the right the amplitude of the pressure perturbation variesdimection while
there is also a shift in the phase for the velocity perturbation.

The perturbations (on the mean flow variables) can be written in terms of left-
travelling and right-travelling components. For the array-averagedyresperturba-
tion:

p=p"+p, (7.2)

and for the array-averaged velocity perturbation:

u' = (p* —p7)/poco, (7.3)

where the mean densipy and the speed of soung are non-dimensional and equal
to unity. With the help of equations (7.2) and (7.3) the reflection and transmissio
coefficients of the waves can be evaluated . For the linear problem eoedidie can
write the reflection coefficienR, of the plane waves in region 2 as:

R = P2 P00t (7.4)
Py + pocoty

where array-averaged pressure and velocity perturbatiorygafe?(x =05,y =
%,t) anduy = u'(z = 0.5,y = %,t), respectively, at the array in region 2 in
which z € [1,2]. The transmission coefficiefit, of the plane waves in region 1 can
be expressed as:
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7= DL PO (7.5)
P2 + pocolsy

where array-averaged pressure and velocity perturbations afe?(a: =05,y =
8¢, t)andu; = u'(z = 0.5,y = S¥,t), respectively, at the array in region 2 in
whichz € [0, 1].

Reflection and transmission coefficients R and T are shown in figure (o%jsg
the ratios of the amplitudes of the reflected and transmitted plane waves that are
plotted versusy/w,. for the present slit width of/(h/2) = 0.125. Below the cut-off
frequencyw, = (%) = m we find an excellent agreement between numerical and
analytical results. Please note that because we consider plane wetoes e cut-
off frequency we have?? + T2 = 1, from energy conservation. Above the cut-off
frequency this relationship does not hold because energy is treatsfiera higher
non-planar mode.

In the left parts of figures (7.8 and 7.9) contour plots are shown for thespre
perturbation in the plang = Ay/2 for ¢ = 0.5 to 7.5 while in the right parts the
pressure perturbation along the ling € Ay/2, = = 1.5), and the line { = 3.0,

y = Ay/2) are plotted, all forw = %wc, below thecut-offfrequency. This data is for
the mesh with120 x 1 x 80 elements inc—, y— andz—directions, respectively.

This data gives a clean overview of the diffraction of acoustic waves imltce
with the slitted flat plate without mean flow. The sine wave moves in from the left
boundary and reflects from the plane of symmetry L = 3, with a reflected wave
in region 2 and a wave moving into region 1. The reflected wave appearsase
or less planar wave, while the diffracted wave is much more two-dimensional.

Forw = %wc, above thecut-offfrequency, similar contour plots are shown for the
same mesh in the left parts of figures (7.10 and 7.11) for the pressuushagion
in the planey = Ay/2 for t = 0.5 to 7.5 while in the right parts the pressure
perturbation along the line/(= Ay/2, z = 1.5), and the line{ = 3.0, y = Ay/2)
are plotted.

As in previous figures we can see the diffraction of acoustic waves inutteadth
slitted flat plate without mean flow. The sine wave moving in from the left boynda
reflects from the plane of symmetsy= L = 3. In the case of higher-frequency, i.e.
w= %wc, the reflected wave contains higher-modes and appears as a nonwdaaa
rather than a planar wave as in lower-frequency case. The diffracied moves in
to region 1 and is also two-dimensional.
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FIGURE 7.3: Time evolution of the pressure and velocity perturbaticmorded (and av-
eraged over) the microphone array close to the boundary: (fojg(0.5, Ay /2, z € [1,2])
(Region 2), bottom: mic(0.5)\y/2, = € [0, 1]) (Region 1)) forw = %wc. Numerical sim-
ulation with 4th-order ¢ = 3) method,120 x 1 x 80 mesh,Az = 0.025, Ay = 0.025,
Az =0.025, At =1.0-1073.
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ulation with 4th-order f = 3) method,120 x 1 x 80 mesh,Ax = 0.025, Ay = 0.025,
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=10 t=10

b

FIGURE 7.8: Left: Contour plots for the pressure perturbation in thermda = Ay/2 for
t=1.0t04.0. (w = 2w,.). Middle: Pressure perturbation along ling & Ay/2, z = 1.5).
Right: Pressure perturbation along line (= 3.0, y = Ay/2). Az = Ay = Az = 0.025,
At =1.0-1073.
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FIGURE 7.9: Left: Contour plots for the pressure perturbation in themtay = Ay/2 for
t=5.0t07.5. (w = 2w.). Middle: Pressure perturbation along ling & Ay/2, z = 1.5).
Right: Pressure perturbation along line (= 3.0, y = Ay/2). Az = Ay = Az = 0.025,
At=1.0-1073.
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=10 t=10

b

FIGURE 7.10: Left: Contour plots for the pressure perturbation in themsa = Ay/2 for
t=1.0t04.0. (w = 3w,.). Middle: Pressure perturbation along ling & Ay/2, z = 1.5).
Right: Pressure perturbation along line (= 3.0, y = Ay/2). Az = Ay = Az = 0.025,
At =1.0-1073.
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FIGURE 7.11: Left: Contour plots for the pressure perturbation in themeay = Ay/2 for
t=5.0t07.5. (w = Sw.). Middle: Pressure perturbation along ling & Ay/2), z = 1.5.
Right: Pressure perturbation along line (= 3.0, y = Ay/2). Az = Ay = Az = 0.025,
At=1.0-1073.
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7.5 Duct Modes

At a given timet, the pressure perturbation can be transformed to the frequency
domain by writing
P, Ay/2, 2,1) = p(x, 2, w)e™". (7.6)

The duct modes for a channel as follow from the literature [88, 95] esexpressed
as

Pz, z,w) Z cos( Apethn®, (7.7)
with
w? n\ 2
kpn=1———], 7.8
cg (F) (7.8)

whereh is the height of a single ducty is the speed of sound, is the frequency

of the signal. The:'” term in the summation in equation (7.7) is called t& duct

modeand A, is its modal amplitude. Modes for Whiqﬁlhﬂ)2 > “C’—j are evanescent
0

modes while those for whic(1%)2 < ‘;—22 are propagating modes. For a given fre-
quency there is a limited number of pr(z)pagating modes, at least one beiplgutiee
waveor fundamental modér whichn = 0. Forn > 0, if the frequencyw is be-
low the cut-off frequencyv. = co %", the mode is evanescent, but above the cut-off
frequency the mode is propagatlng

From the time-dependent pressure perturbation computed by the pnestrud
the modal amplitude can be derived as follows.

Write the perturbation pressure as

(2, Ay/2,2,8) = 3 Po(asf (W) 7.9
e duf2.2.0) = 3 Batasi)eos (7). 79)
so that
o I
Py (x;t) = E / (z,Ay/2, z,1) cos(nhz)dz. (7.10)

It can be shown that the integration in equation (7.10) leads to

Po(z;1) = Apeletne, (7.11)
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w | A (eq. 7.12)[ A (fig. 7.12)
5/47 2.667 2.738
3/2n 1.789 1.792
7/4rm 1.392 1.401

2 1.154 1.140

TABLE 7.1: Comparison of wavelengths calculated from equation (7&t®) the wave-
lengths measured from figure (7.12) foe=1,¢o = 1, h = 1.

This implies that we find the wave numby of the duct mode by plotting, for a
given timet, P, (z; ) and determining the wavelength of the waves, and there with
kp,-

At a given timef = 30, equation (7.10) is evaluated forc [3, 6] and P, (z; ) is
plotted in figure (7.12). It is clear from the figure that there are decayiodes for
whichw < w, = 7 and propagating modes for which> w, = .

The quantityk,, in equation (7.7) is the wave number of the duct modeskj,e=
3T, so that

p W — (7.12)

In table (7.1) the evaluated values bf forn = 1, ¢¢ = 1, h = 1 determined
from equation (7.12) are compared to the measured wave lengths from (igu2)
for various values ob. The calculated wave lengths of the propagating modes are in
agreement with the wavelengths measured from figure (7.12).

7.6 Numerical Dispersion

Itis discussed in Chapter 4 that the present method produces weakadniiives
of small amplitude. In the line plots presented, they are not evident betteiseale
is chosen in order to show the real waves. In the contour plots presémtgdire not
evident because in the contour levels we did not include the zero-leted gfertur-
bation pressure. Figure (7.13) for= %wc and figure (7.14) fow = %wc, presents
the contour plots including the zero-level. It shows that, originating fronskbjge-
discontinuity at the front of the incoming wave, waves propagating at a&hgpgeed
thancg lead the acoustic wave and diffract at the slit in the plate.

7.7 Plate with slit inside infinite duct with mean flow

In this section the DG method is applied to a generic acoustic liner problem, dis-
cussed in the preceding sections, with mean flow. The mean flow profilees giv
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FIGURE 7.12: Decaying and propagating duct modes £ 1) computed from results for
p=3Ax=Ay=Az=0.025At=1.0-10"3,% = 30.

as

M = Myf(2), (7.13)
with

f(z) = % (1 — tanh (T)) , (7.14)

wheref denotes a momentum thickness, chosefy/as= 0.125. The profilef(z) is
given in figure (7.15).

The simulations are performed on a hexahedral mesh24iihx 1 x 80 elements
in z—, y— andz—directions, respectively, for a computational domain which is given
by z € [-3,3],y € [-Ay/2,Ay/2] andz € [0,2]. The results are obtained for a
frequency ofv = %TF, aperture width of = 0.25 and the Mach number d@ffy = 0.1.

In the upper part of figure (7.16) the time histories of the pressure pattan
is plotted showing a comparison between the result for the case without maan fl
(My = 0) and the one with mean flowM, = 0.1) atz = —2.5, y = 0.0, and
z = 1.5, while the lower part shows a detailed view. As expected, at the microphone
location the signal is observed earlier when the mean flow is present. lbi®las
served that the amplitude has decreased while the observed frequdeheysmnal
does not change when the mean flow is introduced.

In the left parts of figures (7.17 and 7.18) contour plots are shown éopitassure
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FIGURE 7.13: Left: Contour plots for the pressure perturbation in themeay = Ay/2 for
t = 1.0 to 7.5 including zero-level.¢f = 3w.). Az = Ay = Az = 0.025, At = 1.0 - 107,
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25
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FIGURE 7.14: Left: Contour plots for the pressure perturbation in themsay = Ay/2 for
t = 1.0 to 4.0 including zero-level.{f = 3w.). Az = Ay = Az = 0.025, At = 1.0- 1073,
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FIGURE 7.15: The mean flow profile.

perturbation in the plang = Ay/2 for ¢ = 0.5 to 7.5 while in the right parts the
pressure perturbation along the ling € Ay/2, z = 1.5), and the line £ = 0.0,
y = Ay/2) are plotted.

As in the case without mean flowl{y, = 0) we see the diffraction of acoustic
waves in the duct with the slitted flat plate. The sine waves entering the domain
from the left and right boundaries of the upper duct reach the geonpdtiie of
symmetry at slightly different times due to the mean flow, which is evident from the
non-symmetry of the left parts of the figures (7.17 and 7.18). The refleciwe is
seen in region 2 while a wave moves into region 1. Again, as in the case without
mean flow the reflected wave appears as a planar wave, while the diffreate is
two-dimensional.
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FIGURE 7.16: Comparison of the time histories of the pressure pertudsatiith (M, =
0.1) and without (/y = 0.0) mean flow recorded at = —2.5, y = Ay/2andz = 1.5
w=3/4n, Ax = Ay = Az = 0.025, At = 1.0 - 1073,
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FIGURE 7.17: Solution with mean flowM, = 0.1, w = 37). Left: Contour plots for
the pressure perturbation in the plane= Ay/2 for ¢ = 1.0 to 4.0. Middle: Pressure
perturbation along line§ = Ay/2, = = 1.5). Right: Pressure perturbation along line
(r =3.0,y = Ay/2). Az = Ay = Az = 0.025, At = 1.0 - 1073,
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FIGURE 7.18: Solution with mean flowM, = 0.1, w = 37). Left: Contour plots for
the pressure perturbation in the plane= Ay/2 for ¢ = 5.0 to 7.5. Middle: Pressure
perturbation along lineg = Ay/2), z = 1.5. Right: Pressure perturbation along line
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CONCLUDING REMARKS AND
RECOMMENDATIONS

8.1 Concluding Remarks

In this thesis the propagation of acoustic waves in non-uniform flows ietldienen-
sional space is considered employing a higher-order discontinuouskiBateethod
on unstructured hexahedral grids.

The propagation of acoustic waves in non-uniform flows can be desthi the
linearized Euler equations under the assumptions that there is no feddacthe
acoustic field to the background flow field and that the distance of prtipaga not
too large compared to the acoustic wave length.

The discontinuous Galerkin method has some remarkable advantages pitbtres
to flexibility in discretization of domains with complex geometries. The discontin-
uous Galerkin method is a highly compact finite-element projection method, which
provides a practical framework for the development of a higher-amuethod, on
non-smooth unstructured grids, as desired for computational aesiaso{9], [59],

[23], [24], [82], [83], [85]). In recent studies it has been simawat the spatial disper-
sion error is of orde2p+ 3, while the spatial dissipation error is of ordar+ 2 ([60],

[50], [4]) with p the degree of the polynomial basis functions. In chapter 3, the higher-
order discontinuous Galerkin method is presented for solving the threeasiomal
linearized Euler equations on an unstructured hexahedral grid. Thedlets been
implemented for values gf up top = 3.

In chapter 4, the convection of a Gaussian pulse in one-dimension is ecatsid
with the present algorithm for three-dimensional wave propagation. Theerni-
cal results have been compared to the analytical solution. It has beem shat
using polynomial basis functions of higher-degree {) within each element the
solution can be obtained with a higher accuracy. This implies that for a givemn
racy a smaller number of elements in the solution domain maybe required. An erro
analysis is performed by using not only the solution at the grid points buttiadso
reconstructed solution at points of an interrogation mesh employed to obtaitr an
curate approximation of the integral norm. It has been shown that thergnesthod
is converging at a rate df?*! for polynomial basis functions of degree 1,2 and 3
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and at a rate slightly higher tha®*/2 for polynomial basis functions of degree 0,
which agrees with the convergence rates derived in the literature, efg[aRe It

is remarkable that in the plot for the error as function of number of elemiantise
range of mesh sizes considered, the line of the grderl method is situated below
the one for the ordenn] method for any considered. It is also observed that in case
fewer points are used to approximate the integral norm, e.g. common grid pbints
the coarsest or finest mesh considered (where the number of poidttouseluate
the integral norm is of the order of the number of grid points) the rate oferxgence
for polynomial basis functions of degree 1 is abbtitwhich might suggest that this
specific norm is based on some special points in the solution, namely, poisgstalo
the intersection points.

In the low-storage Runge-Kutta time integration scheme four stages havedes
and performing a time-refinement study it is shown that the discontinuousk®ale
method implemented is fourth-order accurate in time, as expected for this [nodar p
lem.

The present method produces weak waves of small amplitude introducise by
numerics. Originating from the slope-discontinuity at the fronts of the initialeya
wave propagating at a higher speed tlhghead the acoustic wave. It is shown in
chapter 4 that the numerical dispersion of the method obtained from the icamer
solutions is in good agreement with the numerical dispersion relation for the dis
continuous Galerkin method applied to a one-dimensional model problem oy Blo
[25].

CPU-time requirements for the method, using polynomial basis functions od@&leg
1, 2 and 3, have been determined and a required number of elementsdenafor
accuracy optimization table has been presented.

The problem of acoustic radiation from a vibrating wall segment is solvddten
results of the present method are compared to the results obtained bytiiuetuned
tetrahedral grid method developed by Blom [25]. It is concluded thatigwdtinu-
ous Galerkin method applied on hexahedral elements appears fasterfay than
the method applied on tetrahedral elements.

The effect of grid distortion is investigated by considering two types of désto
grids: skewed and randomly distorted grids. For the case of a randasttytdd
mesh the effect of the distortion on the difference between the solution wdtthan
solution without distortion is relatively large. This is attributed to the fact thaten th
present implementation the mapping of the elements from physical to computational
space is assumed to be linear.

The method is applied to a generic acoustic liner problem, i.e. the acousticabf a fl
plate with a slit placed in a duct. The results for quiescent backgrourzbarpared
to the analytical solution obtained by Kooijman [64]. It is shown that the rafitiseo
amplitudes of the reflected and transmitted plane waves are in good agrewithent
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the analytical results. The results obtained for which a background flpregent is
compared to the results obtained for a quiescent background.

8.2 Recommendations

Although a general derivation of the method is given in chapter 3, themtiscmus

Galerkin method implemented assumes a piecewise constant backgrourd flosv.
considered verification problems the background flow is uniform. Inrcxepply

the method to more general, non-uniform background flows, it is recomedetod
extend the implementation to account for strongly varying background.flows

In this thesis only characteristic-based non-reflecting boundary comslitiave
been applied. It is known from the literature that these boundary conslitizay
result in numerically induced reflections which may contaminate the solution at late
times. It is recommended to analyze the performance of other types of digund
conditions such as perfectly matched layers (PML) or sponge layers.

In this thesis an unstructured hexahedral mesh is used and in the implementation
it is assumed that the mapping from the element to the unit element is linear. This
implies that in order to achieve higher-order accuracypfor 1, formally the shape
of the hexahedral elements is restricted to a parallelepiped. Although itectap
the more general case is considered of a high-order approximation wfapging it
is not implemented in the numerical algorithm. It is recommended to investigate the
higher-order approximation for the mapping in order to attack problems iimgplv
meshes with non-parallelepiped elements using the methqd foil. Furthermore
it is recommended to implement the discontinuous Galerkin method applied on a
hybrid grid consisting of both tetrahedral and hexahedral elements.wilhigsult
in a more versatile method.
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TRANSFORMATION TO
COMPUTATIONAL SPACE

A.1 The transformation from the physical to the computa-
tional space

Vectors tangential to thg 7, ¢ coordinate lines ar§§ a“, o respectively, denoted
by Z¢, 7, T, respectively, the so-called co- varlant dlrectlons.

The surfac&€ = constant, n = constant, ¢ = constant have their normal in the
direction,, x @¢, —Z¢ X Z¢, ¢ x I, respectively.

From differentiatingr = z(£,n,¢), v = y(&,n, (), z = z(&, n, ¢) with respect to
x, we find %, 21,9 in terms ofi, i, andZ. Differentiation with respect tg

oz’ Oz’ Ox
yields 5, 51, 5. Differentiation with respect te yields 55, 57, §<. An example:
1 =2ela + e + ¢Ca §o = (ynZC - yCZTI)/‘J’
0=yelo +yne +¥cCe = Mo = —(Wezc — yeze) /|| (A.1)
0 = 2elo + 202 + 2¢Co Co = (Yezn — yn2e)/|J|
where,
Te Ty T\ a0,
7y7 Z
J=1 v yy y | = 3E§ C;’ (A.2)
Z&' Z/r] ZC ’/'77
and,
T = det(J) = Fe - (& x &). (A3)

This leads to the expression for the normal directions on the sugfaceonstant,
which isV¢, that for the surface = constant, which isVn and finally that for the
normal direction on the surface= constant, which isV:

VE = (@ x@)/|J|
Vi = (T x Z¢)/|J]

VO = (@ x @y)/|J]
(A.4)
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These vectors give the so-called contra-variant vectors.
A.1.1 Transformation of V to 65

In case we hav& ; f we find

of _

of _ ig‘r " f S b i

oL § % = Vaf = J7 Vel (A.5)
of _ o1 + b+ 01

0z 6{ on'lz

with

gx Ey gz 8 5 = _
JY= m n, n. | = M; |J7Y =VE- (Vnpx V) = |;| (A.6)
Cl‘ Cy Cz y Y, 2

A.1.2 Transformation of an infinitesimal volume element

dQY = dxdydz in Cartesian coordinates
= Z- (7, x Z)dednd¢  in (€,7,¢) coordinates
= [J]|d{dnd¢
= |J|dS2 (A7)

A.1.3 Transformation of a vector

Any vectora can be expressed in terms of the three veafgrg, ande; as:

6-(é’nx€<)ﬁ C_l"(éEXé’C)_, 6-(€§x€n)ﬁ

a = e e ec
]| | ! |
= a%& +a"¢, + a‘e; (A.8)
which can also be written as:
as a”®
a’ | =J7H e |, (A.9)
a’ a”

or,

I

= a'é +a’e, +a’¢e,
= a%€ +a"e, + a‘e; (A.10)




TRANSFORMATION OF THE
ELEMENTS

B.1 Bilinear transformation

=1

X @ X(@n) (-11) 1.1)
~

y

X1 _

N :

z N ®ED 1-1) -1
g y

X

FIGURE B.1: Transformation of a 2D surface.

Bilinear transformation from the physical space to the computational plankeca
constructed as follows:

(& -1) = T(=1,-1)Qui(§) + 7(1, ~1)Q2(¢),
71 = F(-1,1H)Q1(&) + (1, 1)Q2(8),
Z(=Ln) = Z(=L-1)Qi(n) + Z(=1,1)Qa(n),

#(1,n) = (1, -1)Q1(n) +Z(1,1)Q2(n). (B.1)
Combining the above equations we can derive the following relation:

Z&n) = T(-1,-1)Q1(§)Q1(n) + (1, ~1)Q2(£)Q1(n)
+Z(—=1,1)Q1(§)Q2(n) + Z(1,1)Q2(£)Q2(n) (B.2)

with,

2
=71 Q=" ®3)
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Finally we get for the bilinear coordinate transformation:

- 1-6)(1—7 1+&)(1—7
#En = a(-1,- 0I5 LU=
iU gy THOULRD g g
B.2 Trilinear transformation
X(-1,10 X(Ell) Xa1o z

X(-1n1) X (E1,-1) TN %

. Qf X (1.n1) ; o

X(-1-10 — PR E— g

Xwn-1

X(-1n- 1)

z X (§-1,-1)
L
X

FIGURE B.2: Trilinear transformation of a 3D volume element.

Trilinear transformation from the physical to the computational space canorbe
structed as follows:

(&, -1,-1) = #(-1,-1,-1)Q:1(§) + Z(1, -1, -1)Q2(¢),
#(¢,1,-1) = @(— 1717 1)Q1(§)+ (1,1, -1)Q2(8),
(&, -1,1) = #F(-1,-1,1)Q1(§) + F(1, -1, 1)Q2(¢),

(¢, 1,1) = (- 1,1, DQ1(§) +#(1,1,1)Q2(8),

(-1,n,-1) = Z(-1,-1,-1)Q:1(n) +Z(~ 1,1,—1)62 (n),
#(l,m,—1) = (1,1, —1)Q1(n)+ (1,1, -1)Q2(n),
i(-1,n,1) = (- 1’ ,DQ1(n) + 7(—1,1,1)Q2(n),

Z(1,m,1) = Z(1,— ) 1(n) + (1,1, ) 2(n),

#(-1,-1,0) = #(- 1, —1)@Q1(¢) + (-1, -1,1)Q2(n),
#(1,-1,¢) = Z(1,-1, —1) 1(0) + 2(1, -1, 1)Q2(n),
#(-1,1,0) = 2(-1,1,-1)Q:(¢) + #(-1,1,1)Q2(n),

#(1,1,0) = Z(1,1,-1)Q1(¢) +#(1,1,1)Q2(n). (B.5)

Combining the above equations we can derive the following relation:

(&n,¢) = Z(=1,-1,-1)Q1(§)Q1(nQ1(¢) + Z(1, =1, =1)Q2(§) Q1 (n)Q1(¢)
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+7(—1,1, =1)Q1(§)Q2(n)@1(¢) + Z(1, 1, —1)Q2(§) Q2(n) Q1(¢
+7(—1,-1,1)Q1(§)Q1(n)Q2(¢) + Z(1, =1, 1)Q2(§) Q1 () Q2(¢
+7(=1, 1, D)Q1(£)Q2(n)Q2(¢) + (1, 1, 1)Q2(§) Q2(n) Q2(¢)
(B.6)
with,
Qo= @e="%
Q=171 Q="
QO="55% o=t ®7)
Finally we get for the trilinear coordinate transformation:
R - 1-9d-n—-9)
x(fﬂ]vg) - 56(—1,—1,—1) 8
v, -1, -1y Q0 =00 =0
pi(-1,1, - =00 ED0 =0
a0+ =0)
T 8
b1, -1, A= 90 =0+
(11,00 =+
T 8
AN (3 (R CRY
T 8
+:3(171’1)(1 +OU+nA+O) )

8
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SUMMARY

The propagation of acoustic waves in non-uniform flow in three-dimeasspace

is investigated by means of a numerical method based on the discontinuousiGale
finite-element formulation. The propagation of acoustic waves in non-umifiows
can be described by the linearized Euler equations under the assumpébtisetie

is no feedback from the acoustic field to the background flow field andistende

of propagation is not too large compared to the acoustic wave lengths.

The discontinuous Galerkin method has some remarkable advantages witbtres
to flexibility in discretization of domains with complex geometries. The discontin-
uous Galerkin method is a highly compact finite-element projection method which
provides a practical framework for the development of higher-ordénods desired
for computational aeroacoustics on non-smooth unstructured gridss@assed in
the literature. In the present study the higher-order discontinuouskBataethod
is presented for solving the three-dimensional Linearized Euler Equaiioas un-
structured hexahedral grid.

The implementation of the method is verified by considering the convection of a
Gaussian pulse in one-dimension, with the present three-dimensionalicainadr
gorithm, and comparing the numerical results to the analytical solution. Thernume
cal results have been obtained using polynomial basis functions in thentimoaus
Galerkin method of degre€ 3. It has been shown that using polynomial basis func-
tions of higher-degreex{ 1) the solution can be reconstructed with a higher accuracy
within each element, which implies that for given accuracy fewer elementsenayb
required in the solution domain. An error analysis has been performed osin
only the solution at the grid points but also the reconstructed solution at giritsp
of the interrogation mesh, this to obtain an accurate approximation of the integra
norm. It shows that the method is converging at a rate’of for polynomial basis
functions of degree 1,2 and 3 and at a rate slightly higher da# 2 for polynomial
basis functions of degree 0, which agrees with the convergence exigsdin the
literature. It is remarkable that in the rangefotonsidered the line of the ordgr
method is situated below the one for the order-(1) method for any considered.

It is also observed that in case fewer points are used to evaluaie,therm, e.qg.
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common grid points of the coarsest or finest mesh considered (wherartitsen of
points used to evaluate thie, norm is of the order of the number of grid points) the
rate of convergence for polynomial basis functions of degree 1 istabbowhich
might suggest that this specific norm is based on some special points irlutierso
namely, points close to the intersection points of analytical and numerical solutio

The low-storage Runge-Kutta time integration scheme with four stages has bee
used. Performing a time-refinement study showed that the DiscontinudesiGa
method implemented is fourth-order accurate in time which is as expected for this
linear problem.

The present method produces weak waves of small amplitude introducthe by
numerics. Originating from the slope-discontinuity at the fronts of the initialeya
waves propagating at a higher speed thalead the acoustic wave. It is shown that
the numerical dispersion of the method obtained from the numerical soluti@ys o
the numerical dispersion relation for the discontinuous Galerkin methodl fearier
by Blom for a one-dimensional model problem.

CPU-time requirements for the methods, using polynomial basis functions of de
gree 1, 2 and 3, to reach a certain dimensionless time, for a certain erebcdadi-
tion are discussed and the required number of elements and order cd@copti-
mization table is given for the test problem considered.

The acoustic radiation from a vibrating wall segment in a duct is numerically sim-
ulated as a second verification problem. The results obtained are conipéated
results obtained by the DG method developed by Blom for a tetrahedral Igiiil.
concluded that the discontinuous Galerkin method applied on a mesh consisting
hexahedral elements appears fasterifor- 0 than the method applied on a mesh
consisting of tetrahedral elements.

The effects of grid distortion is investigated solving the problem of acouatic r
diation from a vibrating wall segment in a duct. Two types of distorted gricehav
been considered: skewed and randomly distorted grids. It is showthéhatethod is
able to handle problems involving grid irregularities up to certain skewnesstihs
levels.

As a validation problem the method is applied to a generic acoustic liner problem,
i.e. acoustics of a flat plate with a slit placed in a 2D duct. The results foracpries
background is compared to the analytical solution obtained by Kooijman.Hoisrs
that the ratios of the amplitudes of the reflected and transmitted plane waves are
good agreement with the analytical results. Furthermore results arafméder the
case where a mean flow is present. The results are compared to resuttecfiiaa
quiescent background.




SAMENVATTING

De voortplanting van akoestische golven in niet-uniforme driedimensional@isir

gen is onderzocht door middel van een numerieke methode die is gabagede
Discontinue Galerkin Eindige-Elementen formuleringingelementeerd op een niet-
gestructureerd rekenrooster bestaande uit hexahedra. De votniplean akoestis-

che golven in niet-uniforme stromingen wordt beschreven met de geliaesdes
Euler vergelijkingen voor het perturbatie druk-, snelheids- en dichékield op een
niet-uniforme tijdsgemiddelde stromingsveld. Deze linearisatie is geldig onder de
aannames dat er geen terugkoppeling is van het akoestische velehgjasgemid-
delde stromingsveld en dat de afstand waarover het geluid zich vodrip&tnte
groot is ten opzichte van de akoestische golflengte.

De Discontinue Galerkin (DG) Eindige Elementenmethode heeft opmerkelitke vo
ordelen wat betreft flexibiliteit in de keuze van de discretisatie van rekaethen
om geometrisch complexe configuraties. De methode is een uiterst compadaje-ein
elementen projectie formulering. Voor ee@ra-akoestische rekenmethode biedt de
DG formulering een praktisch raamwerk voor de ontwikkeling van eenreegele
methode voor niet-gestructureerde niet-gladde rekenroosters. hoeisphrift wordt
een hogere-orde DG methode gepresenteerd voor het numeriekesplassie gelin-
eariseerde Euler vergelijkingen op een niet-gestructureerd relstardiestaande uit
hexahedra.

De implementatie van de rekenmethode is geverifieerd aan de hand van de nu-
merieke simulatie, met de rekenmethode voor driedimensionale golfvoortplanting
van de convectie van een eendimensionale Gaussische puls. De resatatiennu-
merieke simulatie, met de methode gebaseerd op DG formulering voor gra&i]
zijn vergeleken met die van de analytische oplossing. De vergelijking gaeftat,
gebruikmakend van basis functies van hogere ordé)( de oplossing, voor een vast
aantal elementen, met een hogere graad van nauwkeurigheid kamviendéend,
of dat voor een gekozen niveau van nauwkeurigheid het aantal elemeaarin het
rekengebied is opgedeeld kan worden beperkt. Voor de methodentdtigkgraken
van polynoom basisfuncties van de graad= 1, 2 en 3 zijn de benodigde reken
(CPU) tijd bepaald om in een testgeval de golfvoortplanting tot een bepaadtijd
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numeriek te simuleren, dit op een aantal rekenroosters van toenemeatigiee
Deze informatie kan worden gebruikt om bij de toepassing van de rekbade
voor een gekozen niveau van nauwkeurigheid, een optimale keuze & mak de
resolutie van het rekenrooster en de orde van de methode.

Er is een foutenanalyse uitgevoerd waarin de integraalnorm is bepaaldemet
numerieke integratie waarin het aantal punten veel groter is dan het pantan
van het rekenrooster, dit om een nauwkeurigheid van de benadarnrdge integraal-
norm op te voeren. Deze analyse laat zien dat de methode convexigéért! voor
polynoom basis functies van orde2 en3. Voor p = 1 is de convergentiesnelheid
iets hoger dark?t1/2. Dit is in overeenstemming met de waarden gevonden in de
literatuur. Het is opmerkelijk dat, voor des beschouwd, de fout voor gie-de orde
methode altijd kleiner is dan die voor de-{ 1)-ste orde methode. Het is ook gecon-
stateerd dat in geval dat er minder punten worden gebruikt voor ineidieeen van
de Ly-norm, bijvoorbeeld het aantal punten van het fijnste of van het grofken-
rooster, de convergentiesnelheid vanpde 1 methode gelijk is aan?, hetgeen de
suggestie wekt dat de benadering van die specifieke norm gebruik vaaespeciale
punten, namelijk punten die dicht bij de punten liggen waar de numeriekesamos
de analytische oplossing snijdt.

In de numerieke methode wordt gebruik gemaakt van het "low-storagtaps
Runge-Kutta tijdsintegratieschema. Een studie naar de afhankelijkheideviud
van de tijdstap heeft aangetoond dat de implementatie van de tijdsintegratie in de
huidige DG-methode is inderdaad vierde-orde nauwkeurig is in tijd.

Als gevolg van de numerieke benaderingen in de methode genereertdigehu
rekenmethode zwakke golven met een kleine amplitude. Deze golven hkbben
oorsprong in discontiriteiten (in functiewaarde, eerste afgeleide) in de golf die als
beginwaarde wordt gekozen. Uitgaande van zulke discontinuteitenriomgsp er
pseudo-akoestische golven die zich met een hogere snelheid voontptariede
geluidssnelheid. Het kon worden gedemonstreerd dat de voortplasrigigeid van
deze golven voldoet aan de dispersierelatie van de huidige methode,dmads
afgeleid door Blom in een eerder proefschrift.

Het testgeval van de akoestische radiatie van een bewegend wandsé@yeen
kanaal is gebruikt als tweede verificatie, via de vergelijking van de résnlten de
huidige methode met de methode van Blom: de DG methottegiementeerd voor
niet-gestructureerde rekenroosters bestaande uit tetrahedra.nBlasie van deze
vergelijking is dat de huidige methode voor rekenroosters bestaandxaiéera is
sneller voorh, — 0 dan de methode voor rekenroosters bestaande uit tetrahedra. Om
een indruk te krijgen van het effect van de vervorming (afwijking vahagonaliteit)
van het rekenrooster op de nauwkeurigheid van de numerieke ogaggintwee
soorten vervorming bestudeerd: scheve rekenroosters en agkspjfoorthogonale
rekenroosters waarvan de coordinaten van de roosterpuntermraighoverstoord.
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Deze studie laat zijn dat de huidige methode onregelmatigheden in hetoeksr
aankan, maar dat de nauwkeurigheid van de oplossing afhangt ganatee van de
onregelmatigheid.

Als validatie wordt het testgeval bestudeerd van een generiek problaeraen
akoestisch-gedempte wand ("acoustic liner”). Het betreft een vialdet met een
spleet, geplaatst in een kanaal. De plaat is in het midden van het kap&sdige De
spleet is halverwege het kanaal en de richting van de spleet is loodyecke mid-
dellijn van het kanaal. Vanuit beide einden van het kanaal wordt emstikche golf
het kanaal ingestuurd. De tijdsafhankelijke voortplanting en diffractedearanden
van de spleet wordt numeriek gesimuleerd en resultaten worden vergetedt de
analytische oplossing verkregen door Kooijman. De resultaten betiafider meer
de verhouding van de amplitude van de gereflecteerde golf en die varirdagmit-
teerde golf. Voor het geval zonder hoofdstroming wordt een goeeieeenstemming
tussen de analytische en de numerieke resultaten bereikt. Voor hetgghsifoming
worden de numerieke resultaten vergeleken met die voor het gevazooofdstro-
ming.
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